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SUMMARY
Metals are among the most widely used structural materials known to man, 
and in many applications, the key to their usefulness is their unique 
combination of mechanical properties. The test most commonly used to 
determine the mechanical properties of metals is the indentation hardness 
test in which an indenter of a specified shape is forced into the surface of 
the specimen under carefully controlled conditions. Measurements made of 
the impression remaining after the indenter is removed are used to calculate 
a hardness number which is an indicator of the mechanical properties of the 
specimen.
Although it is over ninety years since the first practical indentation hardness 
test was introduced, the deformation which occurs beneath the indenter 
while it is under load is not well understood. Slip-line field analysis, which 
had remarkable success in the analysis of several common metalworking 
and forming problems, has been shown conclusively to be not applicable to 
so-called ’’blunt" indentation. The two alternate models which have most 
support in the literature are the radial compression model and the elastic- 
plastic accommodation model. Both give far more accurate descriptions of 
blunt indentation than does slip-line field analysis, but the following four 
issues (at least) have not yet been resolved.
1. The shape and extent of the plastically deformed zone is different for 
each model. In particular, there is disagreement about the location of 
the intersection of the elastic-plastic boundary with the specimen 
surface.
2. The pattern of plastic flow, which occurs during indentation, is 
different for each model.
3. There is disagreement about the effect of friction, between the indenter 
and the specimen, on the height of the ridge which forms near the 
impression.
4. In both models, it is predicted that the ridge or lip near the impression 
forms as the indenter is removed. There is no experimental evidence 
to support this prediction.
i
Understanding and resolving these issues involves understanding the 
deformation that occurs during indentation. Currently, there are no 
techniques for observing the internal deformation as it occurs - it can only 
be observed afterwards, and inferences drawn about what happened during 
indentation to result in the observed state.
One way to observe the deformation as it occurs is to model the process 
numerically. The model can be monitored as deformation occurs 
progressively to determine the probable pattern of plastic flow. One such 
numerical technique, which has been used to analyse a wide range of 
deformation and flow problems, is finite element analysis.
A finite element analysis program was written to run on an IBM Personal 
Computer to simulate the deformation that occurs during indentation. After 
extensive testing using experimental data available in the literature to 
validate the program, it was used to simulate indentation under various 
conditions, thereby enabling the plastic deformation to be observed as it 
occurred during indentation.
With respect to issues 1, 2 and 3, the results of the finite element analysis 
strongly favoured the radial compression model. With respect to issue 4, 
the analysis results indicated that both models were incorrect. In the 
simulation, ridging or uplift occurred mainly during indentation, with only 
a minor increase in ridge height when the indenter was removed.
On the basis of the finite element analysis, it was concluded that the radial 
compression model was the most correct of the two main models supported 
in the literature. However, it is still deficient in that the prediction that 
uplift of the surface of the specimen near the impression occurs during 
removal of the indenter is of doubtful accuracy. It is clear that further 
analysis of this sort is necessary to resolve this issue.
ii
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1 INTRODUCTION
For the past few millennia, metals have been the cornerstone of civilisation, 
and, despite inroads being made recently by other materials, will probably 
remain so for some time to come. Metals have achieved this preeminence 
because of their unique properties - their ductility, hardness, toughness and 
strength. Their wide range of mechanical and physical properties makes 
possible myriads of applications; from the high strength, high temperature 
alloys used in turbine blades, to the lead used as a damping fluid in 
earthquake shock absorbers for large structures.
It is critical in all stages of the design and manufacture of metal products 
to ensure that the materials and manufacturing methods used result in a 
product with the properties required for its intended use. Many different 
tests are used to either measure a variety of physical and mechanical 
properties of the materials or to simulate service conditions in order to 
make sure that its performance will be adequate. Of all the tests carried out 
on metals, probably the most commonly used is the indentation hardness 
test. It has been estimated [66]1 that, in the United States alone, about 50 
million hardness tests are performed each day.
Hardness tests are used widely in manufacturing industry, in metallurgical 
investigations, and in metals research. They have achieved this popularity 
because they are generally straightforward to perform, rapid, and essentially 
nondestructive. Most hardness tests carried out on metals are variations of 
the indentation hardness test first introduced by Brinell in 1900 [43]. 
Although enjoying such wide popularity, the indentation hardness test is 
generally poorly understood - hardness is often quoted as though it is a 
material property. This is quite misleading, as the result of a hardness test 
is the result of a complex interaction between bulk, surface and geometric 
properties of the sample and a variety of test parameters. Therefore, it is 
important when evaluating the meaning of an indentation hardness test to 
understand the deformation occurring beneath the indenter, rather than to 
just measure the impression remaining after the indenter is removed.
There is general agreement in the technical literature about the deformation 
mechanisms which occur during indentation by an indenter which has a 
sufficiently sharp point to form an impression by a cutting action.
1 References are listed alphabetically in Section 6
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However, as the point of the indenter becomes less sharp (i.e. as the angle 
of the point of the indenter is increased), the cutting action ceases and the 
deformation mechanism changes. This change can be detected by 
microscopic examination of the surface of the impression to determine 
whether the original surface has been cut or stretched. Once the angle of 
the point of the indenter has been increased sufficiently that cutting ceases, 
the indenter may be termed "blunt".
Debate about the precise nature of the deformation mechanisms involved in 
indentation of metals with a blunt indenter has continued for more than fifty 
years. Various attempts have been made to analyse and explain the 
deformation which occurs below a blunt indenter using a variety of models. 
Many of these have achieved some success in explaining some of the 
observed phenomena, but at least four issues remained unresolved:
i. the extent and shape of the plastically deformed zone beneath a blunt 
indenter,
ii. the pattern of plastic flow beneath an impression,
iii. the effects of friction on the formation of a ridge near the impression, 
and
iv. whether the observed surface uplift or "ridging" near some impressions 
occurs during indentation or after removal of the indenter,
The original concept for this project was to critically examine the models 
most frequently supported in the literature and to attempt to resolve the 
above issues by either proposing a new model or modifying one of the 
existing models. The models examined were found to give reasonably 
plausible explanations of the experimental data on which they were based. 
However, the data used had been derived from observations made after the 
removal of the indenter; the only information about events occurring during 
indentation had been obtained by inference. Each model had fundamental 
problems in the assumptions on which it was based, or in its inability to 
explain the wide variety of experimental observations available, other than 
the data on which it was based. A new model developed in the same way 
as the existing ones, or a modified version of any of the existing models, 
would have suffered from the same deficiencies. A completely general 
analysis was required which would allow the use of arbitrary material
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properties and constrain the deformation of the material only where it was 
in contact with the indenter, not by prejudging the deformation which 
would occur.
Finite element analysis (FEA) provides just such a general analysis tool. 
FEA is used frequently in many areas of engineering to give approximate 
solutions to similarly indeterminate problems. Previous applications of FEA 
to the problem of indentation found in the literature were concerned mainly 
with computational techniques. FEA has not been used previously to 
resolve the above issues for indentation of a semi-infinite metal by a blunt 
indenter. The objective of this project was then defined more specifically 
as the development of a finite element program to simulate the deformation 
of an elastic-plastic material and the use of that program to resolve some 
of the outstanding issues listed above. Using FEA, the development of the 
indentation can be monitored as it occurs, rather than after the removal of 
the indenter. Also, the material properties determine the outcome. No 
particular pattern of deformation or plastic boundary development is 
assumed.
At the time this project was commenced, it was not possible to access a 
finite element computer package which effectively modelled plastic 
deformation beyond yield. The packages available at the University of 
Wollongong at that time were designed essentially for structural analysis. 
Since yield is considered to be failure in structural analysis, they did not 
adequately model deformation beyond yield. It was therefore necessary to 
write a finite element program to model the indentation of an elastic-plastic 
material by a blunt indenter.
The present work involved the development of a finite element analysis 
program on a personal computer, the application of that program to the 
analysis of the development of the plastic zone beneath a blunt indenter 
during indentation, and the use of the information obtained to resolve the 
issues listed above. The validity of the models proposed in the literature 
was reviewed against this new information.
The first step was to review thoroughly the available literature on hardness 
testing and the analysis and modelling of indentation of elastic-plastic 
materials. The results of this review are reported in Section 2 - Indentation 
Hardness Testing.
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2 INDENTATION HARDNESS TESTING
During the processing and fabrication of metal components, many chemical, 
mechanical and physical properties are tested and monitored to ensure that 
the final product is suitable for its intended use. For mechanical properties, 
there are many kinds of tests in which the sample is bent, twisted, stretched 
or compressed under controlled conditions to ensure that the material has 
the appropriate mechanical strength. These tests are destructive and have 
three main disadvantages:
(i) the specific specimen that is tested provides the only material on which 
definite information is available, but it is not suitable for any other 
purpose after the test,
(ii) because specimens are destroyed in the test, it is practicable to test 
only a limited number of specimens, and
(iii) should there be any doubts about a test result, that test cannot be 
repeated on the same specimen.
By contrast, the indentation hardness test provides useful information about 
the mechanical properties of a specimen without unduly damaging the 
specimen. The only consequence of the test having been carried out is a 
small impression in the surface of the specimen at the site tested.
Indentation hardness testing has gained extremely wide acceptance as an 
indicator of mechanical properties because it is essentially non-destructive, 
and, depending on the size of the component to be tested, can be carried out 
quickly and easily, and sometimes in-situ.
However, on reviewing the literature relating to indentation hardness testing, 
there are a variety of opinions as to what specific information the results of 
an indentation hardness test reveal about the mechanical properties of the 
specimen, and even on the meaning of "hardness" itself.
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2.1 DEFINITION OF HARDNESS
The Oxford Dictionary defines "hard” as "Firm, unyielding to touch, solid;", 
while The Macquarie Dictionary defines "hard" as "solid and firm to the 
touch; not soft". To elucidate further, it defines "soft" as "yielding readily 
to touch or pressure; easily penetrated, divided, or altered in shape; not hard 
or stiff." More specific definitions are given in various books and articles 
on hardness and hardness testing. For example, Tabor [82] defined 
hardness as "resistance to local deformation". This definition is concise, 
easily understood, accords with both the common lexicographic meanings 
of hard and the general technical literature on the subject, and is consistent 
with the usual methods for testing the hardness of materials. Small [78] 
quoted a number of definitions as follows:
"hard - difficult to affect injuriously"
"hardness - resistance to permanent indentation"
"hardness test - measure of the strength of a material under 
compression loading"
"hardness test - a combined measure of many complex 
properties, the most direct of which is the resistance of the 
material to slip or plastic flow."
O'Neill [64] summarised hardness in these terms: "the macrohardness of a 
metal at a given temperature is measured by the momentary reaction which 
it exerts during a small amount of yielding or plastic straining as by 
compression. This reaction may be general or local (as with an indenter) 
and involves friction, elasticity and viscosity effects as well as the intensity 
and distribution of plastic strain produced by a given tool during 
indentation."
This was hardly a practical definition for everyday use, but fortunately, for 
metallurgical use, "hardness" may also be given a simple operational 
definition. This avoids the problems inherent in trying to define hardness 
as a material property by ignoring the variety of complex phenomena which 
take place during the test. Such a definition is given in ASTM E-6 
"Standard Definitions of Terms Relating to Methods of Mechanical 
Testing"[l]
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"Indentation hardness - A number related to the size of the 
impression made by an indenter of specific size and shape 
under a known load. NOTE - The term "indentation 
hardness" has no quantitative meaning, except in terms of a 
particular test in which the size and shape of the indenter, 
the indenting load, and other conditions of the test are 
specified."
For the purposes of this thesis, the most appropriate concept of hardness is 
that given by Tabor, "resistance to local deformation", while the ASTM 
definition best describes the tests referred to herein as indentation hardness 
tests.
2.2 METHODS OF DETERMINING HARDNESS
Many methods have been developed for determining a material's "resistance 
to local deformation". The earliest were based on rubbing two materials 
against each other to determine which scratches which. In 1822, Mohs[58] 
formalised this procedure for petrographic use by selecting a set of minerals 
and classifying them on a scale of 1 (softest) to 10 (hardest). As the 
science of metallurgy developed, more formally defined scratch tests were 
developed. There were two main methods used. Either the vertical force 
required to form a scratch of a particular depth or width [54] was measured, 
or a set force was applied and the width or depth of the scratch formed was 
measured [11] ,[62].
It was reported that microscopic scratches formed on polycrystalline 
materials were difficult to measure precisely due to variations in the 
dimensions of the scratch related to the orientation of the crystals over 
which it passes [55]. Therefore, scratch tests have not been widely adopted 
for commercial purposes but continue to be used in research work, 
particularly in studying single crystals.
In 1895, Martel [53] introduced a rebound or dynamic hardness tester in 
which the indenter was impacted against the surface of the specimen under 
controlled conditions. While Martel measured the volume of the
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indentation remaining in the specimen after impact, Shore[77] measured the 
height of rebound after impact.
Rebound and dynamic hardness tests suffer from poor reproducibility. The 
conditions under which the indenter contacts the specimen surface can be 
controlled more precisely if the contact is slow and if the indenter is held 
in contact with the specimen for a period of time. This is the basis of the 
"static indentation hardness tests" discussed in section 2.3.
2.3 STATIC INDENTATION HARDNESS TESTS
The most commonly used hardness tests are static indentation tests in which 
a shaped indenter is forced into the surface of a specimen by a precisely 
controlled load. A predetermined load is generally applied at a controlled 
rate, held for a precise time, and then removed at a controlled rate. Some 
characteristic of the impression left in the specimen by the indenter is then
Type of 
Test
Dates
from
Indenter Shape Measured Characteristic 
of the Indentation Used to 
Calculate Hardness
Brindi
[14]
1900 Spherical Surface area of the impression
Ludwik
[51]
1908 90 deg. Cone Surface area of the impression
Meyer
[56]
1908 Spherical Projected area of the impression
Rockwell
[78]
1920 Spherical (ball) or 
120 deg. Cone
Depth of the impression after elastic 
recovery
Vickers
[78]
1922 136 deg. Pyramid Surface area calculated from 
measured impression diagonals
Knoop
[43]
1939 Rhomboidal pyramid Projected area calculated from the 
long axis of the impression
Monotron
[64]
-1929 Hemispherical
diamond
Load required to produce an 
indentation depth of 0.045 mm under 
load.
Table 2-1 - Comparison of Static Indentation Hardness Test Methods
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measured and used to calculate a hardness number. For the majority of 
methods which use the dimensions of the impression to calculate hardness, 
the unit of measure for the hardness value is kilograms per square 
millimetre. Table 2-1 summarises seven different static indentation 
hardness tests which are used in materials testing and research. They are 
differentiated by the shape of the indenter used, and the indentation 
characteristics from which a hardness number is calculated. There are also 
significant differences in the method of loading and the size of the 
impressions produced.
2.3.1 The Brinell Hardness Test
The earliest static indentation hardness test to be given general commercial 
recognition was the Brinell test introduced in 1900. "The Brinell test 
consists in using calibrated equipment to apply a specified load to the 
surface of the material to be tested through a hard ball of specified 
diameter, and to measure the diameter of the resulting impression."[2] The 
standard ball diameter was 10 mm. Although smaller balls may be used for 
thin specimens, only tests made with a 10 mm ball were regarded as 
"standard". The load was held for at least 15 s for iron and steel, and for 
more than 30 s in the case of some other metals. After the load was 
removed, the diameter of the remaining impression was measured with a 
microscope. The Brinell Hardness Number (BHN) was calculated from the 
load on the ball divided by the curved surface area of the impression as 
determined from the diameter. The surface is assumed to be part of a 
sphere.
bhn=---------- 2F , (2-1)
nD2[ l -J l - (d /D )2}
The Brinell test method has remained essentially unchanged since its 
inception, but there have been significant advances in the equipment used 
to carry out the test. The introduction of etched balls in 1924 by Hultgren
F = applied load in kilograms 
D = diameter of the ball in millimetres
d = diameter of the impression in millimetres
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enhanced the definition of the boundary of the impression. The use of 
sintered carbide balls and hemi-spherical diamond tips extended the range 
of materials which could be tested, from a maximum hardness of about 
450 BHN with the original steel balls to well over 600 BHN.
The Brinell hardness of a metal was found to vary significantly with the 
applied load and the size of the ball. This occurred primarily as a result of 
using the curved surface area of the impression in the calculation of the 
hardness number. The components of force acting horizontally against 
opposite sides of the impression cancelled each other out, so the mean 
pressure supporting the indenter was the applied vertical force divided by 
the projected area of the impression. As the depth of indentation was 
increased, the curved surface area increased far more rapidly than the 
projected area. Consequently, if the impression was sufficiently deep, the 
BHN decreased with increasing depth of impression.
2.3.2 Meyer Hardness
To overcome this apparent anomaly, Meyer [56] proposed the use of the 
projected area to calculate a hardness number (HM) related to the mean 
pressure on the indenter.
HM= 4 F  
n d 2
(2-2)
Unlike the brinell hardness number, the Meyer hardness increased 
monotonically as the load increased, with the rate of increase being higher 
for annealed materials than for cold worked materials. This has been 
attributed to the work hardening of the material by the indentation process 
itself [80]. Meyer hardness has not been widely adopted commercially, but 
has been the basis of much research on static indentation hardness.
F — applied load in kilograms 
d = diameter of the impression in millimetres
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2.3.3 Ludwik Hardness
Ludwik [51] proposed a hardness test based on a conical indenter to 
alleviate the apparent anomaly produced by the changing geometry of the 
impression as the load was increased. Provided the impression size was 
large compared with the radius of the tip of the indenter (it is impossible 
to manufacture a cone with a "perfectly sharp" point), the impressions 
formed by a conical indenter were the same shape regardless of their size. 
Ludwik used a diamond cone with an included angle of 90° to produce 
indentations which were geometrically similar. As did Brinell, he used the 
curved surface area in his calculation of a hardness number (HL). He 
assumed that the curved surface was part of the surface of a cone to derive 
the following formula:
HL = 4 F
y/2 7i d 2
(2-3)
2.3.4 Cone Hardness
The use of the curved surface area limited the physical significance of the 
Ludwik hardness number. A more useful cone hardness number (HC) can 
be calculated from the projected area of the impression.
H C=-^L (2-4)
7i d 2
This "mean pressure cone hardness", HC, was not a standard hardness test. 
There was no standard definition of the indenting conditions such as load 
and indenter angle, hence it has not been adopted commercially. However, 
static indentation with conical indenters of various angles has been the 
subject of much research.
By reducing the significance of geometric effects, both the Ludwik and 
Meyer hardness tests gave more consistent results than did the Brinell test. 
However, all three tests relied on the use of a standard metallurgical 
microscope to measure the size of a circular impression which represented 
the area of contact between the indenter and the specimen while the
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indenter was under load. The edges of the impression often did not form 
a sharp angle with the original surface of the specimen. Due to the effects 
of ridging or sinking in (see section 2.4.2), the impression surface often 
blended tangentially with the undeformed specimen surface. This created 
an indistinct boundary, the position of which may be determined differently 
by different test operators, or by the same operator under different 
illumination conditions [82]. Two separate approaches which were 
developed to reduce the variability in hardness measurements caused by the 
difficulties of obtaining a consistent measurement of the circular impression 
size have resulted in the test methods which are now most often used for 
commercial hardness tests - the Rockwell test and the Vickers test.
2.3.5 The Rockwell Hardness Test
In the Rockwell test, the recovered depth of the impression is measured 
with a dial gauge so that there is no need for the operator to be skilled in 
the use of a microscope to achieve consistent readings. The Rockwell 
hardness number is a differential depth measurement of the permanent 
change in the depth of the impression produced by the application of the 
load.
The Rockwell test is not a single test, but 30 different tests[3]. Each test is 
defined by the use of a specific indenter and specific load. The particular test 
used in a given situation depends on the properties of the material to be 
tested and the geometry of the specimen. The indenters available include 
balls ranging from 1/16" to 1/2" in diameter and a 120° conical diamond 
indenter with a 0.2 mm radius tangential spherical tip. The loads range from 
15 kg to 150 kg. Each type of test scale is designated by a letter (e.g. A, B, 
C) or a number and letter (e.g. 15T, 45N, 3OX) and the test result is 
designated by HR and the letter or letter and number which indicate the 
hardness test scale used such as HRA or HR30T.
2.3.6 The Vickers Hardness Test
The Vickers hardness test was designed to produce similar results to the 
Brinell test whilst reducing the dependency of the hardness number on the 
indenting load and reducing the variability in the measurement of the size
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of the impression. A square based pyramidal diamond indenter was used 
to produce an impression which is geometrically similar, regardless of size, 
and with clearly defined boundaries. The microscope eyepiece was 
modified to improve the consistency of measurement.
The angle between the faces of the pyramid was chosen to give hardness 
numbers similar to those obtained in the Brinell test. In standard Brinell 
testing, it was specified that the indentation diameter should be kept 
between 0.25 and 0.5 times the ball diameter [78]. This implied that the 
optimum ratio is approximately the average of these values or 0.375. 
Tangents drawn to the ball surface at a circle which is 0.375 times the ball 
diameter intersect at 136°. This angle was chosen as the apical angle for 
the Vickers pyramid to produce similar size impressions to those for typical 
Brinell tests, but with two major advantages.
► As with a conical indenter, the geometric similarity of different 
sized impressions essentially avoided the load dependence 
inherent in Brinell tests.
► The sharp comers of the pyramid deformed the surface of the 
specimen at the lightest contact, producing a clear image of the 
impression diagonals for measurement using a microscope.
The microscope used in the Vickers test had a modified eyepiece with slides 
that were moved in to just contact the image of the ends of the impression 
diagonals. A numerical readout attached to the mechanism which adjusted 
the position of the slides indicated the size of the impression. The average 
length of the impression diagonals was used to calculate the approximate 
surface area of the impression. The Vickers hardness (H V ) was the load 
divided by the "curved" surface area of the impression.
The standard Vickers hardness test was carried out using one of a specified 
set of indenting loads. For each standard load, a table was supplied relating 
the average length of the impression diagonals to the hardness number, so 
the operator does not need to perform any calculations other than to average 
the lengths of the impression diagonals. The test result was designated by 
HV and the load in kilograms. I.e. if the hardness number was 134 when
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the test was carried out with a 10 kg indenting load, the result would be 
"134 HV10”.
The methods for carrying out most of the above hardness tests were 
standardised many years ago, and indentation hardness tests have been 
widely used in the metals industry for over sixty years. Unfortunately, 
widely used does not mean widely understood. Most of the literature 
relating to indentation hardness tests involved studies of various aspects of 
the specimen deformation which occurred during and after indentation in 
order to understand the interrelationships between the many material and 
test method variables which contributed to a particular test result. This 
understanding is necessary to correctly interpret hardness test results.
2.4 VARIABLES AFFECTING INDENTATION HARDNESS 
TESTS
Historically, the use of hardness tests for purposes other than determining 
the hardness of a material dates back to the beginnings of hardness testing, 
when scratch tests were used to identify different minerals [8], [58]. Test 
methods have been refined over the centuries, but research work has 
continued on the problems of defining the effects of material properties and 
other variables on the results of a hardness test and determining what 
information, other than hardness, can be gleaned from the results.
The measured results of an indentation hardness test are a combination of 
a large number of processes influenced by the indenting machine, the 
specimen, the indenter, and the interface between them. Figure 2-1 
reproduced from Sargent [71] shows some of the interrelationships between 
processes occurring during indentation. Sargent used a number of examples 
from the work of other researchers to justify the complexity of this diagram, 
and concluded "there are too many distinct effects for physically based 
models to be generally useful at this stage, and so an empirically based 
formula is required to reduce the mass of experimental data to manageable 
levels.... ".
The effects of many of these variables have been investigated in detail to 
derive empirically based formulae relating them to hardness measurements.
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Figure 2-1 - Diagram showing some of the interrelationships between 
processes occurring during indentation (from Sargent [71])
For a particular test method, the material yield stress, strain hardening 
propensity and elastic properties are generally considered to be the most 
significant influencing factors and various mechanical and geometric factors 
including indenter shape, friction and surface roughness, also have a 
substantial influence on indentation hardness test results; however, there was 
no general agreement on their specific effects. The material property most 
often compared with hardness test results is the yield stress.
2.4.1 Yield Stress
Over the years, many workers have attempted to correlate yield stress with 
hardness test results. Early attempts were based on searches for a direct 
correlation between hardness numbers and initial bulk yield stress. In 1924
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Carduollo [17] derived the expression H  = CEmay n. Many later workers, 
such as Tabor [82], Dugdale [22], Shaw [73], Douthwaite [20] and Shield 
[76], considered the effect of the strain which occurred in the material near 
the indenter during indentation, and proposed the linear relationship 
H  = Coy where the constant C was sometimes referred to as a constraint 
factor, and oy was now the yield stress or flow stress at some nominated 
value of strain (other than zero). The argument for using the yield stress 
at some value of strain other than the initial yield stress was that the 
indenter was supported on material which had been strained to some extent 
during indentation, and therefore the mean pressure on the indenter should 
relate to the yield stress at this strain rather than the yield stress of the 
undeformed material. [64],[80]
Table 2-2 lists some of the constraint factors obtained by different 
researchers and the conditions under which they were obtained. These data 
clearly illustrate wide variability of the correlations obtained between 
hardness and yield stress. The first four entries in this table report 
experimental results. The final four report the results of theoretical studies 
based on various models. With the wide range of proposed correlation 
factors, it is possible to conclude only that, while hardness is probably 
closely related to yield stress, there is not a single, simple proportionality 
which is suitable for all materials under all indentation conditions.
In attempting to determine experimental correlations, many workers have 
found it necessary to use the yield stress at a "representative strain", usually 
of about 0.08, to achieve a reasonably linear relationship. The strain values 
considered to be "representative" by different workers range from 0.00 to 
0.17 as shown in Table 2-2. The improvement in correlation obtained by 
using the yield stress at some representative strain has led to indentation 
hardness testing being described by O'Neill [64] as analogous to the
H =  hardness
C = a constant
E = Young's modulus
m = a constant
° y = yield stress
n = a constant
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Reference Material Type of 
Test
C Flow stress 
used
Tabor (1951) [80] Fully Work hardened 
Al, Cu, Pb, and steel
Vickers 3.2 Flow stress
Tabor (1951) [80] Work-hardening Cu and 
steel
Vickers 2.9-3 Flow stress at 
.08 strain
Atkins & Tabor 
(1965) T61
Variously work hard­
ened Cu and steel
120° Cone 2.42 Yield stress 
at 0.17 strain
Harris (1922) [35] Annealed copper Strainless
ball
3.19 Yield stress
Ishlinsky (1944) 
T401
Perfectly Plastic Circular
punch
2.84 Yield stress
Shield (1955) [76] Perfectly plastic Circular
punch
2.845 Yield stress
Lockett (1963) [49] Perfectly plastic 120° Cone 2.14 Yield stress
Shaw and DeSalvo 
(1970) [75]
Elastic-plastic Flat circ­
ular punch
2.82 Yield stress
Table 2-2 - Table demonstrating the wide variability among the 
constraint factors and representative strains 
determined by different researchers.
measurement of proof stress. To understand the meaning or significance of 
the constraint factor and the representative strain, it is necessary to 
understand the deformation and flow of material beneath the indenter. In 
Section 2.5, various models are reviewed which have been proposed to 
explain the deformation which occurs during indentation.
2.4.2 Strain Hardening
A variety of empirically derived equations have been used to describe the 
shape of the true stress - true strain curve for metals. One of the simplest 
of these was oy=Aen [60]. The constant n was known as the strain 
hardening exponent or stress-strain index. Observed values of n lie 
between 0.0 and 0.5 [80]. For n = 0.0, there was no strain hardening as 
the yield stress had a constant value of a for all values of strain. When 
n = 0.5, the stress-strain curve was parabolic, typical of annealed metals
A = a constant
e = strain
n = a constant (the strain-hardening exponent)
a = a constant (not equal to A)
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such as copper and aluminium. The higher the value of n 9 the greater the 
strain hardening propensity.
In 1908, Meyer [56] carried out a series of experiments based on ball 
indentation tests and showed that the diameter of the impressions remaining 
after removal of the ball is related to the load by F=adm. The constant m 
is known as Meyer’s index. Values of m were usually between 2.0 and 2.7 
[64]. A value of 2.0 for m indicated that the load was proportional to the 
projected area of the impression; this corresponded to a constant stress of 
a during indentation. Constant stress during deformation is characteristic 
of a non-strain-hardening material. Tests performed on non-strain 
hardening-materials, such as cold worked metals and plasticine, gave values 
for m close to 2.0 [61] as expected. For materials which do strain harden, 
m values have been found to be higher than 2.0. Thus m was considered 
to be a measure of strain hardening propensity.
Since m and n were both related to strain hardening propensity, it was 
expected that there would be some relationship between them. In 1944 
O'Neill suggested [63] that this relationship was 2n=m-2. This was 
disputed by Tabor in 1951 [80] who claimed that the relationship was 
n=m-2 . This view was later supported by O'Neill in 1967 [64]. The issue 
still has not been resolved satisfactorily. In work by Killmore [42], it was 
found that the relationship n=m-2 applied only for metals with a value of 
n below about 0.35. Above this value of n there was no clear relationship 
between n and m. Further experimental investigation is required to 
establish the complete nature of the relationship between n and m.
In addition to the effect on the relationship between force and indentation 
size, it has been observed that strain hardening affects also the shape of the 
surface adjacent to the indentation [80],[64],[60a]. For an annealed metal, 
a small strain caused significant hardening. During indentation of an 
annealed metal, the material adjacent to the indenter was subjected to a 
small strain (of the order of 0.1) and was therefore harder than the
m
F
d
load applied to the ball 
diameter of the impression 
a constant (Meyer's index)
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remainder of the specimen. This "hard" region was pressed down into the 
specimen as the indentation proceeded so that the surface adjacent to the 
indentation became lower than the original surface. The material displaced 
by this "sinking-in" caused a rising of the surface a short distance from the 
indenter. During indentation of a cold-worked metal, the small strain in the 
material adjacent to the indenter did not cause it to be appreciably harder 
than the bulk of the material. Instead of the "sinking-in" effect, the metal 
displaced by the indenter tended to move up the face of the indenter 
producing a ridge around the edge of the indentation. This phenomenon 
was called "piling-up" or "ridging" and the raised area was referred to as a 
"ridge" or "lip".
For a pyramidal indenter, the piling-up or sinking-in effect was more 
pronounced near the middles of the sides of the impression image than near 
the comers. This results in convex (barrelled) or concave (pin-cushioned) 
sided impressions respectively. Dugdale [23],[24] defined a "convexity 
ratio" which quantified this effect. Killmore [42] used this effect to derive 
a strain hardening parameter which was more easily obtained than the 
Meyer index, as it could be measured from a single indentation and required 
no graphing or other analysis.
Whatever the variations in indenter geometry and other test or material 
conditions, the observed variations in the shape of the impression and the 
surrounding surface must relate to variations in plastic flow beneath the 
surface, and to understand and correctly interpret these variations in shape 
requires an understanding of this plastic flow. In this section, the effect of 
strain hardening on the process of indentation and the resulting impressions 
has been discussed. As real metals are not rigid-plastic, it is also necessary 
to examine the effect of the elastic behaviour of metals on their indentation 
characteristics.
2.4.3 Elastic Properties
So far, only the plastic properties of the material being indented have been 
considered, but the deformation behaviour of metals is a combination of 
elastic and plastic behaviour. Plastic deformation is not reversible, but 
elastic deformation is. When the load is removed from an indenter, elastic
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recovery takes place. It has been generally observed [80],[64],[69],[52] that 
elastic recovery affects the depth of the impression far more than it affects 
the width. Therefore, hardness measurements based on the load and the 
width of the impression gave a reasonably good indication of the mean 
pressure during the formation of the indentation [16]. Measurements of the 
depth of the impression after removal of the load, however, have given 
quite different results from depth measurements made under load. O’Neill 
[64] reported depth recovery of 1% to 10% in aluminium.
In addition to the effect of elastic recovery on the depth of the impression, 
elastic strain in the surrounding material has been claimed [74] to play a 
key role in the mode of plastic deformation which occurs during 
indentation. This is discussed further in Section 2.5.
2.4.4 Indenter Shape
There are three main indenter shapes normally used in indentation hardness 
testing - spheres (or balls), cones and pyramids.
Since 1900 when Brinell introduced a hardness test based on the use of a 
10 mm sphere as an indenter, spherical indenters and hemispherical 
indenters have been used for a wide range of tests, for example, Meyer 
[56], Martens [54] and some Rockwell scales [78]. However, ball 
indentation tests suffered from the problem that the shape of the impression 
and hence the geometry of the deformation of the surrounding material, 
varied with the depth of the impression. This meant that the same material 
had different apparent hardness values depending on the force applied. 
Baker and Russell [7] found that the same hardness value was obtained with 
different sized balls if the ratio F / D 2 was kept constant. The use of 
projected area in calculating a hardness number, as for Meyer hardness, 
reduced the geometric effects, but the hardness values obtained were still 
dependent on the applied load.
F  = force applied to the indenter 
D = diameter of the ball
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The original patent application for the Rockwell tester was filed in 1914 
and used a spherical indenter [78]. C.H.Wilson greatly increased the utility 
of the Rockwell test by the introduction of a 120° conical diamond indenter 
with a 0.2 mm radius tangential spherical tip in 1924 [88]. This had a 
number of advantages, among the most significant being:
(a) much harder materials could be tested,
(b) indenter life was greatly extended,
(c) deformation of the indenter was reduced, and
(d) the geometrical similarity of impressions of different depths gave 
directly comparable results over a much greater range of materials than 
did a spherical indenter.
Many experimental and theoretical studies have been carried out for conical 
indenters. In 1908, Ludwik [51] devised a hardness test based on a 90° 
included angle conical indenter. Bocklen [13] also recommended a 90° 
cone. On the other hand Hankins, [33],[34] and Krupkowski [44] both 
recommended a 120° cone as generally more suitable because hardnesses 
measured using a 120° cone compared favourably with the results obtained 
using ball indenters. Another advantage was that the shallower impressions 
formed by the blunter cone were more suitable for testing thinner 
specimens.
In addition to spherical and conical indenters, pyramidal indenters were also 
popular. The sharp comers of the pyramid concentrated stress at the point 
of contact, causing plastic deformation of the surface for even the lightest 
contact. The resulting sharp image of the impression diagonals could be 
measured readily with an optical microscope. Elastic recovery of the 
diagonals appeared to be negligible [15], so, apart from errors introduced 
by pin-cushioning or barrelling (see Section 2.4.2), the area calculated from 
the lengths of the diagonals effectively gave an unrecovered hardness value. 
The most widely used hardness test based on a pyramidal indenter is the 
Vickers test using a 136° square based diamond pyramid indenter.
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It was (and is) very difficult to manufacture 4 faced pyramidal indenters 
with an exact point; there was inevitably some degree of chisel edge on the 
point of the indenter. While this was usually negligible compared with the 
impression sizes encountered in normal ranges of hardness testing, it may 
be significant for the small impressions observed in very low load hardness 
testing. To overcome this, Berkovitch [9] introduced a triangular based 
pyramid indenter for very low load hardness testing. However, the 
triangular pyramid has not been universally adopted.
2.4.5 "Sharp" or "Blunt"
In studies of indentation with cones and wedges of various angles, it has 
been observed that the mechanism of deformation appeared to change from 
the cutting action predicted by slip-line field analysis to a compression 
mechanism as the included angle is increased, with the transition taking 
place at approximately 105°. Below 105°, a cutting action, consistent with 
slip line field analysis (described in Section 2.5.1) was observed [6]. 
Above 105°, the mechanism by which deformation occurred was the subject 
of some debate, but there appeared to be general acceptance that it was 
some form of compression mechanism.
Most of the debate centred around defining the range of indenter angles for 
which an indenter was considered to be "blunt" and the pattern of 
deformation which occurred beneath a blunt indenter. The proposed 
deformation mechanisms are discussed in Section 2.5. Claims for the 
transition angle ranged from 100° (Woodward [84], Mulheam [59]) for a 
wedge shaped indenter, to 150°, or for some materials, 170° for a conical 
indenter (Shaw and DeSalvo [75]). Generally an angle of about 105° (e.g. 
Lockett [49], Dugdale [29], [24], Atkins and Tabor [6]) was considered to 
be the transition angle. Samuels [69], discussing indenters blunter than 
105° says "there is little or no movement between the surfaces of the 
indenter and the specimen; it therefore can be concluded that friction 
between the two does not play a significant role in hardness testing." 
Figure 2-2 taken from Samuels [69] demonstrates the small relative 
displacement between the indenter and the specimen. Shaw and DeSalvo 
[75] described the transition from sharp to blunt as follows: "Upward flow 
is seen to cease at an angle (0) of about 75° for the aluminium specimens,
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but not until 0 approaches 85° for the copper specimens." (0 is the cone 
semi-angle). Figure 2-3 reproduced from Shaw and De Salvo illustrates 
what they believed to be the combined effects of friction and strain 
hardening, indicating the much higher transition angle claimed by them.
Figure 2-2 - Diagram showing minimal distortion 
during indentation of a grid ruled on the surface of 
the specimen prior to indentation. [69]
The Rockwell cone (120°) and Vickers pyramid (136°) are both between 
105° and 170°. Therefore, they could be either "blunt" or "sharp", 
depending on which deformation model is accepted.
Indenters having an included angle in the range which produces an 
impression by a cutting mechanism may be referred to as "sharp", and those 
which produce an impression by a compression mechanism may be referred 
to as "blunt". This thesis is primarily concerned with blunt indenters. The 
effects of indenter angle are discussed further in Sections 2.4.6 and 2.5.
Samuels and Mulheam [70] carried out an experimental investigation of the 
deformed zone beneath blunt indenters, and based on the results suggested 
that at a distance from the indenter, the shape of the indenter is almost 
irrelevant to the deformation which occurs. This conclusion was supported 
by following researchers such as Mulheam [59], Tabor [81] and Woodward
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Figure 2-3 - Diagram illustrating the 
combined effects of friction and strain 
hardening on the constraint factor for 
conical indenters of various angles [75]
[84], and, by 1986 was accepted as common knowledge [69].
2.4.6 Friction
In addition to considering the material properties of the specimen and the 
shape of the indenter, it is also necessary to consider the interface between 
them. The main characteristic of this interface is friction.
There has been much debate in the literature about the effect of friction on 
indentation hardness measurement. It has generally been observed that for 
sharp indenters, where the deformation mechanism was essentially a cutting 
action, appreciable sliding of material up the surface of the indenter 
occurred and therefore friction had a significant effect on the relationship 
between the force applied to the indenter and the depth of the impression 
formed. For blunt indenters the effects of friction depend on the 
deformation mechanisms operating. The mechanisms proposed for 
deformation under blunt indenters involved compression rather than cutting. 
So therefore, there was minimal sliding between the indenter surface and
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the specimen and the effect of friction was small. There was no general 
agreement about the significance of friction for indentation with blunt 
indenters as there was no consensus on the pattern of deformation which 
occurred.
Apart from the extent of sliding between the indenter and the specimen, the 
other factor which determines the effect of friction during indentation is the 
co-efficient of friction between the indenter and the specimen. Hankins 
[33] established that the coefficient of friction between polished diamond 
and a wide range of steels was in the range 0.10 to 0.15 and Tabor [80], 
without giving any experimental evidence, states that "for unlubricated 
surfaces, the co-efficient of friction of diamond sliding on most metals 
(unlubricated) is of the order of p = 0.10 to 0.15 and this value is not 
greatly affected by the presence of lubricant films." This means that even 
in the presence of interfacial sliding, friction should not have a significant 
effect on the results of hardness tests using diamond indenters.
In order to understand the potential effects of friction, it is necessary to 
understand the relative movement between the surfaces of the indenter and 
the specimen. This movement depends on the flow of material beneath the 
indenter.
2.5 PROPOSED DEFORMATION MECHANISMS FOR 
INDENTATION OF METALS
In the preceding sections, the literature regarding the effects of a number of 
variables on indentation hardness tests was considered. For the variables 
which had the most significant effects on the measured values of hardness, 
understanding the effect of each variable depended on understanding the 
pattern of metal flow beneath the indenter. Many theoretical and 
experimental studies of the metal flow beneath a blunt indenter have been 
carried out. This section summarises the main approaches taken in 
addressing this problem.
Slip-line field (SLF) analysis provided fundamental insight into the 
mechanics of plastic deformation. Following success in explaining, 
quantitatively and qualitatively, the observed features of deformation during
-24-
many common metalforming operations, slip-line field analysis was the 
obvious method to use to gain greater insight into the mechanics of 
indentation. Early success was achieved in predicting the relationship 
between impression depth and the indenting force. However, SLF analysis 
has so far failed to explain the observed characteristics of the deformation 
which occurs beneath indentations. Two other models are examined which 
have been proposed to overcome the difficulties experienced with the slip 
line field analysis of hardness indentations.
2.5.1 Slip-Line Field Analysis
Slip-line field analysis is sometimes referred to as shear-line field analysis 
which is a more accurate description of the field analysed. However, in this 
thesis, the more common term slip-line field will be used as this will allow 
the discussion presented here to be more easily related to the general 
literature on the analysis of plastic deformation.
Slip-line field analysis involves modelling plastic deformation by drawing 
a network of "slip-lines" (shear lines) showing the directions of maximum 
shear stress at any point. Since shear is always accompanied by 
complementary shear at 90°, there are two sets of slip-lines which intersect 
at 90°. While experience and intuition play a large part in the development 
of a slip-line field, there are mathematically rigorous conditions which must 
be satisfied for the field to be valid. In addition to intersecting each other 
at 90°, the slip-lines act at 45° to the principal stresses. Therefore the angle 
at which they intersect the surface of the material is governed by the 
stresses acting on that surface. If only normal stresses are acting on the 
surface, the slip-lines will intersect the surface at 45°. The slip-lines need 
not be straight, and one or both sets of slip-lines may be curved, provided 
they are at 90° to each other. From the slip-lines, the hydrostatic pressure 
and the material velocity at any point can be derived. While initially 
developed for the analysis of plane strain deformation of non hardening 
materials, approximate solutions have been obtained for some axisymmetric 
problems. Details of this analytical technique are explained in the book 
"The Mathematical Theory of Plasticity" by Hill [38].
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2.5.1.1 Plane Strain - Flat Punch
The slip line field approach to the analysis of the plastic flow of metals is 
well established and has been applied successfully to a wide variety of 
metalworking problems. Among the earliest of these was the problem of 
plane strain indentation of an infinite block of rigid-plastic material by a 
parallel flat punch. Two valid solutions were proposed independently for 
this problem by Prandtl [67] and Hill [38]. Figure 2-4 illustrates the 
problem and the two proposed solutions. Both solutions had a similar 
pattern of slip lines, but the solution by Prandtl predicted a deformation
Figure 2-4 - Illustration of plane strain indentation and the proposed slip­
line field solutions for plane strain indentation with a flat punch.
field with twice the depth and extent of Hill's solution. Hill claimed that 
Prandtl's solution would have involved a considerable amount of 
deformation before the plastic region had spread sufficiently to fill the 
proposed deformation zone and that part of the velocity field was 
indeterminate (triangle ABF) Hill's proposed solution (Figure 2-4 c.) 
overcame these problems and has remained the commonly accepted solution 
for plane strain indentation by a flat punch.
The slip-line field analysis of indentation was extended in two directions 
simultaneously from the flat punch problem. Solutions were developed for 
indentation under conditions of plane strain by wedges, and by 
axisymmetric indentation with a flat circular punch. The relevant features 
of each of these were then combined to give approximate solutions for 
indentation with a conical indenter.
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2.5.1.2 W edge Indentation
In 1945, Hill, Lee and Tupper [39] published a theoretical treatment of the 
indentation of an infinite block of rigid-plastic material with lubricated 
wedges of various included angles. They derived a slip-line field solution 
as illustrated in Figure 2-5 for this problem. The angle (p) subtended by 
the radial fan of the slip-line field was related to the wedge semi-angleoc 
by Cos (2 a - P) = Cos P /  (1 + S in f>) They conducted experiments with
Figure 2-5 - Diagram showing slip-line field 
for indentation with wedges of various 
angles. [3 9]
wedges having an included angle of 60°to validate their theoretical results. 
They found good agreement between the theory and experimental results for 
an indenter of this angle.
Dugdale [21] extended the experimental investigation of wedge indentation 
by the use of wedges with included angles from 40° to 140°. In his 
discussion of his results, Dugdale assumed that the slip-line field solution 
proposed by Hill, Lee and Tupper described the deformation and flow 
beneath the indenter correctly. He did not attempt to determine the pattern 
of material flow beneath the indenter, but compared other characteristics of 
the indentation such as force, depth and lip shape with the theoretical 
solution. Dugdale assumed that the region of plastic deformation was 
defined at the surface of the specimen by the limit of surface deformation, 
and within the material by the slip-line field. In his analysis, he assumed
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that the effect of friction was small enough to be ignored. Except for the 
shape of the lip, he obtained close agreement between the slip-line field 
predictions and his experimental results. The lips were generally lower and 
wider than predicted, indicating that the zone of plastic deformation was 
wider at the surface than the slip-line field solution predicted. Dugdale 
attributed the differences in lip profile to the differences in material 
properties (mostly to strain-hardening) between the real material in the 
experiments and the rigid-plastic material modelled in the slip-line field 
approach.
Independent work by Grunzweig, Longman and Petch [27] carried out at 
around the same time involved both a theoretical study based on the work 
of Hill, Lee and Tupper and experimental investigation. The theoretical 
study included wedges from 0° to 180° included angles with various 
coefficients of friction. For each case, they determined theoretical values 
for the indenting load, the depth of the indentation, the shape of the 
indentation, and the shape of the lip. They then conducted experiments 
using wedges from 6° to 57° included angle and concluded that there was 
close agreement between the theoretical treatment and the experimental 
results, except for the height of the lip, which was lower than expected, and 
increasingly so as the wedge angle increased. They believed that the effect 
of friction was significant, and concluded that the lip shape discrepancy was 
mainly due to friction, with strain-hardening playing very much a secondary 
role. It was also indicated in their discussion that friction would affect the 
depth of the deformed zone to some extent. They suggested that the 
deformed zone would not extend below the tip of the indenter, but that 
friction, by changing the angle at which the slip-lines met the surface of the 
wedge, would cause the "radial fans" to extend further below the surface. 
This effect was not quantified, and extension indicated by their diagram was 
not large.
Johnson [41], in contrast to most earlier researchers (who considered 
friction to have either negligible or small effect) claimed that "the 
deformation mode is profoundly affected by friction at the face of the 
indenter." In support of this statement, he published the deformed grid 
shown in Figure 2-6 derived from a slip-line field analysis of indentation 
with a wedge which has a coefficient of friction (p) of 0.15 between the 
wedge and the specimen. This showed friction to have extended the depth
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Figure 2-6 - Diagram illustrating the calculated distortion with 
adhesion at the wedge face. [41]
of the deformed zone to about half of its radius. The general movement of 
material was approximately radially away from the indenter, but directly 
below the tip of the indenter, there was a small zone marked with an "X" 
on the diagram where material moved towards the indenter. A photograph 
of the distortion of a grid on the mating surfaces of an indented split block 
was included as Figure 2a of this paper. The actual deformation visible in 
the photograph matched the proposed deformation far more closely than it 
matched the pattern of distortion for slip-line field analysis of a frictionless 
wedge, but the distorted grid in the photograph did not indicate any areas 
in which the material had moved towards the wedge. The deformed grid 
in the photograph extended to a much greater depth than in the calculated 
solution.
2.5.1.3 Flat Circular Punch
Hencky [36] proposed an approximate solution for a flat circular punch by 
assuming that the slip-line field would be approximately the same as for a 
plane strain flat punch (Section 2.5.1.1). Ishlinsky used a graphical method 
based on the Haar-Von Karman yield hypothesis (discussed in the following 
paragraph) to derive an approximate solution for a flat circular punch. 
Shield [76] used similar assumptions and developed a numerical method 
which gave a similar slip line field to Ishlinsky’s graphical approach. This 
solution is shown in Figure 2-7.
Haar and Von Karman [28] suggested that, under conditions of plastic flow, 
two of the principal stresses were equal (e.g. o2 and o3) and that flow 
occurred under a hydrostatic pressure (equal to, e.g., o2 and o3) with a
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Figure 2-7 - Shield - Slipline Field for 
Indentation by a Flat Circular Punch. [76]
residual uniaxial stress in the third direction (e.g. o1-o 2 or o1- a 3). Hill 
[38] was very critical of this hypothesis, since the underlying assumption 
had no physical basis. However, the assumption that two of the principal 
stresses were equal reduced the number of unknowns and allowed the 
mathematical solution of problems which were otherwise intractable. The 
application of this hypothesis has been found to give solutions which agreed 
(at least approximately) with experimental data.
Experimental verification of the solutions of Ishlinsky and Shield was only 
on the basis of indenting forces. No attempt was made to determine the 
flow beneath the indenter or the shape of the surface near the indenter after 
the indentation had been formed.
2,5.1.4 Conical Indenters
The earliest significant study of conical indenters was that of Hankins 
[32],[33] in 1925 and 1926. The objective of this study was to determine 
parameters for a practical cone hardness test rather than to examine the 
indentation behaviour of the material or the plastic deformation and flow 
beneath the indenter. Dugdale [22],[23],[24] conducted an extensive series 
of experiments involving conical and pyramidal indenters. As with his 
work on wedge indenters (Section 2.5.1.2) Dugdale assumed that the 
approximate slip-line field solutions for wedges adequately described the 
material flow which occurred during conical and pyramidal indentation and 
his investigations were concentrated on the forces involved in indentation,
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the effect of friction and the geometry of the impressions formed and the 
surrounding surface. At small cone angles, his experimental results agreed 
reasonably well with theoretical predictions. However, for cones of 120° 
and above he found anomalies in force and geometry of the impression 
which he suggested were consistent with "a flow inwards into the body of 
the material’' in a region near the tip of the indenter. The results were 
similar for both conical and pyramidal indenters. He did not try to examine 
the material flow or deformation zone in order to test this hypothesis.
Lockett [49] combined Hill, Lee and Tupper's slip-line field for wedge 
indentation with Shield's solution for a flat circular punch to derive an 
approximate slip-line field solution for indentation with a conical punch. 
Lockett assumed that the friction between the indenter and the specimen had 
been eliminated, and that the material was rigid-plastic non-hardening. 
Figure 2-8 illustrates the slip-line fields obtained by Lockett for various 
cone angles. It can be seen that the fields were very similar to Shield's 
solution for a flat circular punch, i.e. two essentially triangular regions filled 
with an orthogonal net of slip-lines connected by a "radial fan" centred on 
a point of singularity at the outside edge of the contact area with the 
indenter. The angle of the fan decreased as the angle of the indenter 
decreased until the solution became degenerate with the complete 
disappearance of the fan at an indenter angle of about 105°.
Figure 2-8 - Diagram showing Lockett's Slip-line field solution for 
indentation by rigid conical indenters of various angles.[49]
-31-
When the predictions of this solution were compared with the experimental 
results of Dugdale [22] it was found that, while the prediction of lip height 
was reasonably good, the prediction of the extent of the plastically 
deformed zone (as determined from surface deformation) and the indenting 
force were low by about 12%. These discrepancies were attributed 
primarily to the combined effects of friction and strain-hardening. Dugdale, 
on the basis of his experimental observations, suggested that the pattern of 
flow for large angle indenters (120° and above) may have been different 
from the slip-line field predictions. Lockett's slip-line field solution was 
derived for large angle indenters and became degenerate for cones of 105° 
and below.
Detailed examination of the plastic deformation zone beneath the 
impressions remaining after indentation further supported the claim for a 
"different" deformation mechanism for large angle indenters. This different 
mechanism has been called "radial compression".
2.5.2 Radial Compression Model
Hill [38], proposed that the indentation behaviour of metals could be 
understood:
"by regarding the actual impression as a compromise between (i) flow  
out to the surface, necessitating severe and localised distortion, and 
(ii) an inward displacement accommodated by the resilience o f the 
whole specimen, with relatively small strains spread through a much 
greater volume."
Dugdale [22] observed that inward flow, or elastic accommodation "is to 
some extent illusory, for the surface around the impression is slightly raised 
over a wide area." Further, Dugdale [22] explained the mixed flow in these 
terms:
"The mean pressure increases with cone angle so that the 
pressure at the point o f  the cone must also increase. At some 
cone angle, the pressure acting on the part o f the cone near to 
the point will become sufficiently great to initiate a flow inwards
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into the body o f the m ateria l I t  is supposed that this pressure is 
nearly equal to, but not greater than, p, the pressure required fo r  
expanding a spherical cavity. Meanwhile, the material around 
the edge o f the impression can escape to the surface more 
readily. Therefore, the mean pressure acting on the cone when 
this mixed flow  is occurring need not be equal to p, but w ill be 
equal to some fraction  o f  it."
While qualitatively explaining the reasons for the mixed flow beneath an 
indenter, Dugdale did not describe the pattern of material flow. In 1957, 
Samuels and Mulheam [70] conducted a quantitative experimental 
investigation of the strain distribution beneath pyramidal and spherical 
indenters using metallographic etching techniques which were sensitive to 
7%, 1% and approximately 0.05% plastic strain. The boundary of the latter 
region was described as the "elastic/plastic boundary”. Figure 2-9 is 
reproduced from this paper and shows the three isostrain boundaries for 
both of the indenters. The deformation pattern was almost identical for the 
spherical and pyramidal indenters. The only slight difference noted was 
that the deformed zones differed in plan close to the impression. The 7% 
boundary for the pyramidal indenter was almost square near the surface of
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the specimen where it was close to the indenter, and became approximately 
circular at greater depths where it was further from the indenter.
The dimensions of the plastically deformed zone determined by Samuels 
and Mulheam were similar at the surface of the specimen to the 
experimental results obtained by Dugdale using surface deformation as an 
indication of subsurface plastic deformation, and to the predictions of the 
slip-line field model of Lockett for conical indenters. However, while 
Dugdale assumed and Lockett predicted that the deformation would not 
extend appreciably below the tip of the indenter, Samuels and Mulheam 
found that the deformation field extended downwards below the indenter for 
a similar distance to its extent horizontally. Based on the evidence of the 
shape of the deformation zone, and the effect of the proximity of side or 
back faces of the specimen to the indentation on the shape of the 
deformation zone, Samuels and Mulheam proposed a radial compression 
mechanism of deformation during indentation with a blunt indenter.
Mulheam [59] investigated the deformation occurring during blunt 
indentation by using wedges and cones of various angles to indent split 
blocks with a fine grid inscribed on the mating surfaces before indentation. 
This enabled him to study the displacement of the material during 
indentation as well as the extent of the deformed zone after indentation.
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Mulheam confirmed that the deformation mode predicted by slip-line field 
analysis operated for low angle indenters, but that a different mechanism 
operated for high angle indenters. In this "radial compression" model it was 
proposed that during indentation of a metal by a blunt indenter, the 
deformation "approximates to a uniform radial displacement. The centre of 
the deformation is located at or close to the tip of the indentation." [59] 
The general nature of this process is illustrated in Figure 2-10 reproduced 
from Samuels [69]. The total deformation of each hemisphere was a radial 
expansion, leaving the specimen surface flat during indentation. This 
deformation consisted of plastic flow radially and tangentially, as indicated 
by the arrows in Figure 2-10, and an elastic radial compression and "sinking 
in" of the surface near the impression by elastic compression of the 
specimen over a considerable volume. When the load was removed, the 
elastic stresses resulted in uplifting of the surface near the impression, 
forming the often observed lip or ridge. The experimentally derived 
isostrain boundaries and displacement trajectories shown in Figure 2-11 
illustrate the extent and nature of deformation which occurred.
‘ Figure 2-11 - Isostrain boundaries, elastic- 
plastic boundary and displacement 
trajectories for a Vickers indentation.[69]
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Based on the assumptions of hemispherical shells of equal strain and no 
surface uplift during indentation, Mulheam provided a mathematical 
analysis of the proposed compression mechanism. The predictions of this 
model agreed reasonably closely with the experimentally determined height 
and extent of the lip observed near hardness test impressions. However, 
this analysis was strongly based on the above assumptions, and did not 
allow for different patterns of plastic deformation other than those observed 
in a limited range of experiments.
Atkins and Tabor [6] conducted a series of experiments using conical 
indenters of various angles and gridded split blocks of plasticine. They 
examined the pattern of deformation occurring beneath the indenters and 
confirmed that the slip-line field model correctly predicted the deformation 
pattern for small angle cones, but that a compression mechanism, as 
described by Samuels and Mulheam, operated for large angle cones. The 
transition from one to the other ocurred at about 105°. In this work, they 
decided, as had many previous researchers, to ignore the possible effect of 
friction because they considered it to be small.
In 1974, Woodward [84] carried out an extensive investigation of the 
plastically strained zones associated with the indentation of metals in both 
the cold worked and annealed states. He used wedges and cones over a 
large range of indenter angles. Unfortunately, the etching techniques used 
by Woodward had limited sensitivity to low strains. The observed strain 
zones were limted to a minimum of 0.058 strain in the cold worked brass 
and 0.129 strain in the annealed brass. Woodward observed that the slip­
line field solution predicted the actual behaviour acurately up to 100° 
included angle, whilst above 100° the deformation pattern resembled the 
predictions of the radial compression model proposed by Samuels and 
Mulheam. Since he used increments of 10°, the actual transition angle may 
have been anywhere between 100° and 110°. Woodward also observed that 
the departure from slip-line field predictions was greater for the annealed 
brass, i.e., the material with the higher strain hardening rate.
Molybdenum disulphide grease was used as a lubricant for some of the 
indentation trials to determine the effect of friction on the strain which 
occurred. Woodward cast some doubt on the effectiveness of molybdenum 
disulphide as a lubricant in this application, stating that "sticking friction
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prevailed in the experiments". Never-the-less, he concluded that friction 
had a similar, although much less significant, effect to strain hardening rate.
Although giving strong experimental evidence to support the radial 
compression model of blunt indentation, Woodward did not provide a 
rigorous mathematical treatment of the processes involved. Mulheam's 
analysis of radial compression remains the best explanation available. 
However, it was based on tenuous assumptions without experimental 
support, such as:
- exactly hemi-spherical isostrain shells,
- the surface adjacent to the impression remains flat during 
indentation, and
- the material is incompressible,
which led Mulheam to conclude that the "model . . .  is probably 
oversimplified," and it "was necessary . . .  to make a number of 
assumptions which cannot yet be supported by experimental evidence."
2.5.3 Elastic-Plastic Accommodation
Shaw and DeSalvo [74],[75] reiterated the earlier conclusions that slip-line 
field analysis could not adequately describe deformation by indenters with 
included angles above 105° and recognised the deficiencies of the 
mathematical analysis suggested by Mulheam. They also presented some 
experimental evidence of plastic deformation zones which were somewhat 
different in shape and extent to those observed by Samuels and Mulheam. 
Based on the plastic deformation zones observed in their own experiments 
and an analysis of elastic indentation, they proposed an indentation 
mechanism based on elastic-plastic accommodation. The basic principle is 
that the displaced volume of the impression is accommodated elastically 
within the body of the specimen while the indenter is under load. They 
describe the rationale of this mechanism as follows:
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"Initially, the applied load is considered to be elastically 
supported. The volume displaced by the indenter must then be 
equal to the total decrease in volume in the elastic body due to 
the elastic compressive stresses developed, and there will be no 
upward flow. Since the Tresca flow criterion will be exceeded by 
the elastic stresses in the vicinity o f the surface, the material will 
flow  plastically until the stresses so developed cause the flow  
criterion to be satisfied. However, it is assumed that this plastic 
flow  takes place in such a way that the external load is not 
increased beyond that required by the elastic solution. The 
additional stresses due to plastic flow  will be residual elastic 
ones. After plastic flow  has taken place and with the load still 
present, the same elastic stress field as initially present will still 
be there plus the additional residual stresses associated with 
plastic flow.
When the load is released, the elastic stress field  will collapse, 
and the residual fie ld  will be all that remains. I f  the flow  
criterion is now again exceeded, a second plastic flow  must 
occur. The specimen will finally be left in a state o f residual 
stress that is compatible with the flow criterion."
The analysis begins with a Hertzian analysis of the elastic stress field 
associated with a spherical indenter and a purely elastic material. This 
analysis gave lines of maximum elastic shear stress as shown in 
Figure 2-12. It was postulated that plastic flow occurred where this field 
exceeded the Tresca flow criterion, and that this elastic stress field remained 
after plastic flow had occurred, but with a superimposed elastic stress field 
generated by the plastic flow. These additional stresses were referred to as 
"residual stresses". Because the basic elastic stress field was assumed to 
remain intact, and because it was assumed that the stress pattern only 
changed where plastic flow occurred, the elastic-plastic boundary follows 
the Hertzian lines of maximum elastic shear stress. This gives a zone of 
plastic deformation as shown in Figure 2-13. Note that the elastic-plastic 
boundary intercepts the specimen surface at, or very near, the edge of the 
indenter-specimen contact area.
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Figure 2-12 - Diagram showing Hertz 
lines of maximum elastic shear stress 
beneath a spherical indenter.[75]
Figure 2-13 - Diagram showing 
plastic deformation zone under 
spherical indenter [75]
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During the initial elastic loading, the volume of the impression was 
accommodated by elastic compression of a zone surrounding the indenter 
and there was no upward flow of material. Since it was proposed that 
plastic flow would not change the pattern of deformation, and that elastic 
stresses outside the plastic zone were unchanged, it was implied that the 
specimen surface near the impression remained flat during indentation.
After the indenting load was removed, it was proposed in this model that 
the impression was maintained by residual stresses caused by the plastic 
flow.
The elastic-plastic accommodation model overcame many of the problems 
encountered in the application of slip-line field analysis to blunt indentation, 
and provided a more complete mathematical analysis than that provided by 
Mulheam for the radial compression model. Despite these improvements 
over previous models, it does not stand up well to careful comparison with 
experimental results.
Shaw and DeSalvo assumed that the elastic-plastic boundary intersected the 
specimen surface at or near the edge of the indenter-specimen contact area. 
This assumption is at variance with the results obtained by other researchers 
in the field [70]. It was also not supported by some of the experiments on
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which the model was based. Figure 3a of [75] is reproduced here as 
Figure 2-13. The proposed zone of plastic deformation is indicated by the 
heavy circle. On close examination of the grid at point A, which is outside 
the proposed zone of plastic deformation, it can be seen that plastic 
deformation has occurred.
The assumption that the elastic-plastic boundary passes through the edge of 
the indenter implies that there is no upflow of material adjacent to the 
indenter as such upflow would require plastic deformation over a much 
broader area than than the contact zone with the indenter. This absence of 
upflow contradicts the results of many experiments, for example, 
[22],[59],[64] and [80].
They indicated that strain hardening did not have any effect on the process 
of blunt indentation. Because of the small strains involved, the strain 
hardening rate is at its highest and therefore strain hardening should in fact 
have a significant effect [19].
In this model, it was suggested that, after the removal of the indenter, the 
indentation was maintained by residual stresses, and that the volume of the 
indentation was accommodated by an increase in the density of the material 
near the indenter. This contradicted the idea that the volume of a body 
which is not externally loaded cannot be affected by the presence of 
residual stresses [19]. Woodward and Brown [85] investigated the change 
in density of indented specimens of steel and brass and concluded that the 
volume change was too small to support the proposed accommodation of 
the impression volume by elastic volume change.
While the model and the analysis stress the significance of elasticity to the 
process of indentation, some of the experimental observations on which it 
is based were made with plasticine - an extremely inelastic material.
The elastic-plastic accommodation model successfully addressed some of 
the problems inherent in the slip line field analysis of blunt indentation and 
provided a more complete mathematical treatment than was available for the 
radial compression model, but it suffers from some significant discrepancies 
when compared with experimental studies of indentation.
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2.5.4 Blunt Indentation - Summary
While slip-line field analysis has provided tremendous insight into many 
aspects of metal forming, in particular the nature of the deformation and 
flow which occurs during many forming processes, a number of problems 
were encountered when slip-line field analysis was applied to the process 
of "blunt” indentation.
1. The slip-line field solutions indicated that plastic deformation should 
not extend for any considerable depth below the point of the indenter 
Lockett [49]. In experiments with indenters of the shapes commonly 
used in hardness testing, plastic deformation was found to extend up 
to twelve times the impression depth below the tip of the indenter 
[59],[70],[6],[84]. (For sharp indenters, deformation patterns similar 
to the predictions of slip-line field theory were observed [6],[84].)
2. The slip-line field solutions predicted significant lateral displacement 
of points on the original surface of the specimen. Therefore, friction 
should have a significant influence on the deformation [59]. In fact, 
in hardness testing, friction was observed to have very little effect 
[59], [6], implying that there was little lateral movement of the surface. 
Studies using grids ruled on the specimen surface prior to indentation 
confirmed this implied lack of significant lateral displacement of the 
original surface [59]. However, for sharp indenters, friction was found 
to be significant [80].
3. According to slip-line field analysis, the height of the lip adjacent to 
the indenter should be approximately one third of the depth of the 
indentation, and the section profile of the lip should approximate a 
straight line [59]. This was not found to occur with the indenters used 
in most hardness tests [70],[59],[6].
4. The slip-line field solutions indicated that the flow would be outward 
and upward [38],[29]. The actual flow observed for hardness test 
indentations resembled radial flow away from the indenter. 5
5. For spherical indenters the slip-line field solution predicted that the 
onset of plastic deformation should occur near the surface, where the
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indenter is in contact with the material. However, initial yield was 
observed to occur some distance below the indenter and then spread 
to the surface as indentation proceeded [80].
Although wide discrepancies existed between the deformation predicted by 
slip-line field analysis and the deformation observed in indentation 
experiments, slip-line field analyses using the Haar - von Karman yield 
hypothesis gave calculated force-depth relationships which were surprisingly 
close to experimental results [6].
The development of the radial compression model addressed some of the
problems encountered with slip-line field analysis of blunt indentation.
1. As illustrated in Figure 2-10, deformation extended for a considerable 
depth below the point of the indenter.
2. There was a minimal amount of lateral displacement at the surface of 
the specimen.
3. The lip height was much closer to experimentally observed values than 
for slip-line field analysis.
4. The pattern of flow and the extent of plastic deformation agreed with 
experimental observations.
While the radial compression model agreed more closely with experimental
results than did the predictions of slip-line field analysis, some problems
were also encountered with it.
1. The pattern of plastic flow beneath the indenter was described only in 
general terms.
2. The plastically deformed zone was described as hemispherical. 
Although the flow pattern was described as being different near the 
surface where the material is less constrained, the effect of this change 
in flow pattern on the shape and extent of the plastically deformed 
zone was not considered.
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3. Ridging or surface uplift was thought to occur only on removal of the 
indenter, with the specimen surface remaining flat during indentation.
4. The effects of friction and strain hardening were not considered.
5. The mathematical treatment is based on a number of unsupported 
assumptions.
Shaw and DeSalvo developed the elastic-plastic accommodation model to 
address the problems inherent in both the slip-line field and radial 
compression models of blunt indentation. This model gave improved 
predictions of experimental results in a number of areas as follows.
1. The predicted depth of plastic deformation agreed more closely with 
experimental observations than the slip line field model, but was 
similar to the radial compression model.
2. Little or no lateral displacement of the specimen surface was predicted.
3. The mathematical treatment was generally more complete than for the 
radial compression model.
However, despite these improvements, there are a number of discrepancies 
between the predictions of the elastic-plastic accommodation model of blunt 
indentation and experimental observations.
1. The intersection of the elastic-plastic boundary with the specimen 
surface does not, generally, pass through the edge of the indenter- 
specimen contact area.
2. The implied lack of upflow adjacent to the indenter is contrary to 
experimental observations.
3. The claim that strain-hardening would not have a significant effect 
does not agree with observations. 4
4. The claimed increase in density of material near the indenter has not 
been substantiated experimentally.
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5. The flow trajectories predicted agreed more closely with experiment 
than the flow patterns predicted by slipline field analysis, but were not 
as close to experimental observations as the predictions of the radial 
compression model.
6. Friction and strain-hardening were considered, although only in general 
terms. It was claimed that neither would have a significant effect on 
blunt indentation.
It has been demonstrated repeatedly that slip-line field analysis gives a 
fairly poor prediction of the plastic flow which occurs during blunt 
indentation. The other models discussed were based on attempts to model, 
at first conceptually, and then mathematically, particular observations of 
plastic behaviour during blunt indentation. Hence, the models, in so far as 
they are successful, are only relevant to blunt indentation of the materials 
observed experimentally by each particular author.
The deformation models described in this section dealt specifically with 
indentation by a blunt indenter. Generalised mathematical simulations of 
arbitrary deformation may also be applied to blunt indentation. The 
foremost of these techniques which is applicable to the problem of 
deformation of a metal is finite element analysis.
2.6 FINITE ELEMENT ANALYSIS OF INDENTATION
Finite element analysis (FEA) consists essentially of subdividing a 
continuum body into a large number of small finite elements . The 
elements are made small, and their geometry is kept relatively simple so 
that the behaviour of the material within each element can be described 
approximately by the behaviour at the "nodes", much as an arc can be 
approximated by a series of short straight lines. The nodes are defined 
points within the element or on its boundaries. The behaviour of each 
element is modelled mathematically by a number of equations in terms of 
nodal behaviours. Elements are joined together to form any arbitrary shape 
which is to be analysed and the equations describing element behaviour are 
combined, giving a large set of simultaneous equations which describe the 
behaviour of the assembled body. Boundary conditions are then applied to
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restrain the motion of the whole body, and to simulate the desired 
deformation of the whole body. To simulate an indentation hardness test, 
the boundary conditions include the application of displacements to the area 
of the top surface which is in contact with the indenter to make it conform 
to the shape of the indenter as it is advanced into the material. The 
behaviour of the mesh of finite elements should then mimic the behaviour 
of a real specimen under similar conditions.
The accuracy of the solutions obtained using FEA to simulate deformation 
depends on:
(a) the validity of the underlying mathematical model of the individual 
elements,
(b) the elements having sufficient nodes to provide adequate flexibility for 
the situation being modelled,
(c) the elements being small enough to satisfactorily approximate the 
shape and properties of the specimen being modelled,
(d) the computational accuracy of the software used to solve the large 
number of simultaneous equations, and
(e) the stability of the solution.
FEA has been widely used to simulate plastic deformation under a variety 
of conditions and in widely differing circumstances. Four published 
applications of FEA to plastic deformation are outlined in the following 
sections. The problems analysed were indentation by a flat punch, 
indentation by a ball or spherical indenter, indentation with a conical 
indenter and a simulation of a complex forging.
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2.6.1 Flat Punch Indentation
Lee and Kobayashi [46] used FEA to investigate the indentation of 
specimens of various thickness by a flat faced punch under plane and 
axisymmetric strain conditions. They presented their results as diagrams 
showing pressure and depth during loading, development of the plastic zone 
and strain and stress distributions under load.
The extent of the specimens was limited horizontally to 2.7 times the punch 
width and vertically to 2.5 times the punch width. Experimental 
investigations of the plastic zone associated with indentation (discussed in 
section 2.5) indicate that a specimen with these dimensions would barely 
contain the plastic zone, and would certainly not allow for the development 
of an extensive elastic strain zone supporting the impression. Therefore, the 
results obtained are not directly applicable to indentation hardness testing. 
The results are, however, of considerable interest as this was the earliest 
model located in the literature which did not contain implicit assumptions 
about the plastic flow, but rather allowed the plastic flow field to develop 
from the material properties and surface displacement applied. 
Unfortunately, Lee and Kobayashi have not published the trajectories of the 
nodes during deformation, or the final deformed shape of the specimen, so 
these aspects of the predictions from this model cannot be compared with 
experimental data.
The material properties used in the simulation were those of commercially 
pure aluminium alloy 1100-0 with E = 68.95 GPa, v = 0.33, oy = 89.6 
MPa and a constant hardening rate of H' = 138 MPa. (The hardening rate 
is the slope of the stress-strain curve; thus its units are stress + strain. 
Strain is dimensionless, so H' is in MPa.)
In this simulation, the effects of specimen dimensions and friction were 
investigated. The comparison of rough and smooth punches was carried out
E = Young's modulus
v = Poissons ratio
°y = yield stress
H’ = hardening rate
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with sticking friction. For thick specimens, friction made little difference 
to either the development of the plastic zone or to the load displacement 
curve.
It should be noted that the elastic-plastic stress-strain model used by Lee 
and Kobayashi was developed by Yamada et al. [86] and is not applicable 
to plane strain except in a three dimensional or axisymmetric model. 
Elastic and plastic strains are treated separately, so in the third direction, to 
obtain zero total strain, equal and opposite elastic and plastic strains are 
required. A plane strain model does not allow any strain in the third 
direction, and therefore inappropriately constrains the strains which occur 
in the two directions included in the model. Axisymmetric models allow 
circumferential components of strain, and so do not suffer from the same 
problem.
Figure 2-15 - Development of the plastic zone during 
plane strain indentation [46]
Figure 2-15 shows the development of the plastic zone for plane strain 
indentation and various specimen thicknesses. In the diagrams, h is the 
specimen thickness, w is the radius (for axisymmetric) or half width (for
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Figure 2-16 - Graph comparing yield point pressures predicted by FEA 
(small circles) with the predictions of the slip line field solution 
(continuous line). [46]
plane strain) of the indenter, and W is the radius or half width of the 
specimen. All dimensions are expressed in terms of the indenter radius or 
half width, including the indenter displacement. It can be seen that, in all 
cases, a plastic zone developed near the bottom surface of the specimen in 
the very early stages of deformation. In hardness testing, the specimen 
dimensions are deliberately kept large relative the impression size so that 
the specimen acts as a semi-infinite block. The apparent influence of the 
specimen boundary on the deformation pattern indicates that the solution is 
not necessarily relevant to hardness testing. The variation in yield 
behaviour with specimen thickness was found to be close to that predicted 
by slip-line field theory over the range of values tested. Figure 2-16 shows 
the yield point pressure (small circles) obtained from this model and the 
yield point pressure predicted by the slip-line field model. A much wider 
range of specimen thicknesses needs to be modelled to verify the degree of 
agreement.
Figure 2-17 shows the development of the plastic zone for the axisymmetric 
case. For thin specimens, the results are similar to the plane strain case.
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Figure 2-17 - Series of diagrams showing the development of the plastic 
zone for axisymmetric indentation. [46]
However, for thicker specimens, the development of the plastic zone is 
distinctly different from the plane strain case. It curved in towards the 
centre of the specimen as it developed, instead of initiating a small plastic 
zone near the bottom of the specimen. However, the plastic zone extended 
to the bottom of the specimen at indentation depths of 0.00666 of the punch 
width. The boundary of the specimen should then influence the further 
development of the plastic zone, so the conclusions drawn may not be 
directly applicable to indentation hardness testing.
It is interesting to note that, in relation to the comparison between the radial 
compression model and the elastic-plastic accommodation model, the plastic 
zone, at the stage of development at which it had just extended to the 
bottom of the specimen (Figure 2-17, 3rd diagram in the bottom row), 
appeared to be bounded by an approximately circular arc, passing close to 
the edge of the punch. This is in agreement with the predictions of the 
elastic-plastic accommodation model.
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No information was given in the published account of this investigation 
about the trajectories of the material during deformation; therefore no 
conclusions can be drawn about the pattern of plastic flow, the final 
topography of the surface, or any of the other unresolved issues pertaining 
to indentation hardness testing. These issues appear to have been ignored 
because the authors were more interested in metal forming than materials 
testing.
2.6.2 Ball Indentation
Lee, Masaki and Kobayashi [48] applied FEA to the problem of ball 
indentation. They also carried out some experiments using steel specimens 
to validate their results.
Figure 2-18 - Graph comparing pressure distributions on 
indenter faces proposed by various authors.
The authors compared their results with published slip line field results for 
similar material and concluded that the pressure distribution over the surface 
of the indentation agreed with that derived by Ishlinsky [40]. The
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continuous line in Figure 2-18 indicates the pressure distribution across the 
face of a spherical indenter obtained by Lee et al. using finite element 
analysis. Ishlinsky's slip-line field results for a spherical indenter and a flat 
indenter are shown as a dashed line and a dotted line respectively. Despite 
the claim of similarity, the pressure values are quite different. In the outer 
half of the contact circle radius, the FEA values are closer to the results 
obtained by Ishlinsky for a flat indenter than a spherical indenter. This 
does not necessarily discredit the finite element model, as Ishlinsky based 
his results on slip -line field analysis which, as discussed previously, has 
been found to be inadequate for describing the deformation which occurs 
during indentation.
To check the validity of the computed development of the plastic zone, Lee 
et al. indented, sectioned and etched steel specimens and compared the
Figure 2-19 - Diagram showing calculated strain contours, 
calculated, and experimentally observed elastic-plastic 
boundaries at a late stage of indentation.
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observed "plastic zone" with their calculated strain contours. Again they 
claimed close agreement, but careful scrutiny of the results does not 
substantiate the claim. Particularly noticeable are the large discrepancies in 
position and shape between the experimental and calculated elastic-plastic 
boundaries. Figure 2-19 shows the experimentally obtained elastic-plastic 
boundary as the dashed line and the boundary predicted by FEA as the 
heavy continuous line. The discrepancy is approximately 15% in terms of 
radial displacement or about 28% in terms of the volume of plastically 
deformed material. The discrepancies in the results of this analysis are 
sufficient to cast doubts on its usefulness for indentation hardness testing 
studies.
An alternate approach to modelling ball indentation is described by Hill, 
Storakers and Zdunek [39a] who use a non-linear elastic constitutive model 
as distinct from the elastic-plastic constitutive model used by Lee et. al. 
There were significant differences between the predictions of Hill et. al. and 
those described by Lee et. al. Figure 2-20 shows the pressure distribution 
over the face of the indenter according to Hill et. al. Comparison with 
figure 2-18 readily demonstrates the differences in predictions between the 
two approaches.
Further differences were obvious in the reported strain contours in the 
material beneath the indentation. Figure 2-21 shows the strain contours 
predicted by Hill et. al. Comparison with figure 2-19 shows the strain 
contours to be totally different in form from those predicted by Lee et. al. 
However, for a moderately strain-hardening material, the actual extent of
Figure 2-20 - Pressure distribution 
across the face of a spherical punch 
[39a].
Figure 2-21 - Strain contours under 
a spherical indenter [39a].
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the contours was similar. It was also of interest that the elastic-plastic 
boundary obtained experimentally by Lee et. al. (the broken line in Figure 
2-19) supported the general form of the contours predicted by Hill et. al 
Both the strain contours and the pressure distribution on the indenter face 
closely resemble the predictions of a Hertzian analysis of purely elastic 
indentation with a spherical punch.
2.6.3 Conical Indentation
Bhattacharya and Nix [10] used finite element analysis to simulate 
extremely small indentations, of the order of a few hundred nanometres. 
They were mainly interested in the determination of Young's modulus from 
a graph of load versus depth for extremely small pyramidal indentations. 
They simulated conical indentation to approximate the load-depth response 
as the axial symmetry of the cone simplified the analysis considerably 
compared to the full 3-dimensional analysis required for a pyramidal 
indentation. To verify that the simulation was working correctly, they 
compared the predictions of the simulation with experimental results 
obtained by Pethica et al.[65]. The load curve for the finite element 
analysis was up to 30% lower than the experimental results, but followed 
the shape of the experimental curve fairly closely. They commented that 
"The agreement between our finite element analysis and experimental 
results is satisfactory".
They simulated indentation of three materials, nickel, silicon and 
aluminium, in both a strain-hardening and non-strain-hardening state, under 
conditions of zero friction and sticking friction. They used the initial 
unloading portion of the load-depth curve to calculate Young's modulus and 
compared these calculated values with the material properties used in the 
simulation to demonstrate that Young's modulus could be calculated 
successfully from indentation test curves. Friction was observed to have no 
effect and strain-hardening only a small effect.
As they were interested only in the load-depth curve, they did not describe 
the nature of the plastic deformation below the indentation, and so did not 
provide any information which can contribute to resolving the problems 
raised earlier.
-54-
2.6.4 Forging
A paper by Lowe [50] published in 1988 is of interest, not for its relevance 
to indentation hardness testing, but as an indication of the currency of the 
programming and analysis techniques applied to modelling plastic 
deformation in this present work.
A variety of constitutive models for metals are available for deformation 
studies. At one extreme, there are atomistic models, based on Monte Carlo 
methods and/or molecular dynamic techniques. These models can usually 
be applied only to microscopic systems consisting of 10,000 atoms or less. 
At the other extreme, are empirical models based upon macroscopic 
experimental results with no physical significance, but which are held to be 
valid only because they describe observed behaviour reasonably well. 
Neither of these extremes is of any real use in deformation modelling, 
since, on the one hand the system described is so small that it is of no 
practical use, while on the other, the system is so closely linked to the 
actual material and product form used in the experiments that it is of no 
real use for studying or analysing arbitrary deformations of a variety of 
materials.
Between these two extremes there is a broad group of models which may 
be termed "phenomenological internal state variable models". They use a 
number of variables to represent the effects of microstructure on 
deformation. These models usually had a phenomenological basis, and 
were not originally linked to physical theories. The soundness of the 
phenomenological basis was checked by a range of experiments. Once this 
was established, it was only necessary to carry out a limited range of 
experiments on a material to characterise it in terms of the model variables, 
and the model could then be applied to problems of deformation under 
other conditions. One type of these models is that which describes the 
evaluation of the flow stress directly in terms of changes in yield surface 
size and shape. According to Lowe, these models were adequate for 
deformation processes which do not involve significant metallurgical 
change. The programs described later in this thesis were based on such a
model.
In simulating forging, Lowe used a piece-wise linear stress-strain 
relationship to model strain hardening. A similar technique was applied in 
the programs described in later sections of this thesis. Another similarity 
between the present work and this forging simulation was the application 
of displacement boundary conditions to the surface of the material rather 
than to a tool. While the computational techniques were similar, there was
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also a major difference in the resources utilised to carry out the analysis. 
Lowe carried out his forging simulation on a Cray-IS super computer, the 
present work was carried out on an IBM-PC compatible machine. This 
enabled him to perform a far more detailed analysis of more complex 
problems.
2.7 SUMMARY
Indentation hardness testing is probably the most commonly performed test 
used to describe the mechanical properties of metals. It involves the 
measurement of certain characteristics of the formation of an indentation in 
metals by a precisely shaped indenter under carefully controlled conditions, 
The characteristics measured depend on the particular type of hardness test 
being conducted, but may include impression size, impression depth under 
load, impression depth after elastic recovery, indenter rebound, damping of 
indenter vibrations, or the force required to produce an impression of a 
given depth. Despite the widespread use of hardness tests for many years, 
there was still considerable controversy surrounding the meaning of the 
information derived from the test and the deformation mechanisms by 
which the impression was formed.
While there was some agreement about the general effect of some of the 
variables affecting indentation, there was no general agreement about the 
pattern of deformation which occurred during indentation and after the 
removal of the indenter. The various models proposed were 
phenomenological in nature, being generally based on a number of 
observations of a particular material or group of materials, with the model 
being proposed to explain the particular behaviour observed. Empirical 
derivation of the models from data describing the behaviour of particular 
materials limited the application of these models to materials which behave 
similarly to the materials from which the data was obtained.
The deformation models with the most general acceptance were the radial 
compression model and the elastic-plastic accommodation model. Whilst 
the available experimental evidence leans towards the radial compression 
model, many of the key differences between the models have not been able 
to be resolved through experiment.
1. The radial compression model predicted that the plastic deformation zone 
would extend for 2 to 3 times the impression diameter both vertically 
and horizontally, forming a hemispherical plastic zone. In contrast, the 
elastic-plastic accommodation model predicted a spherical plastic zone,
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extending a similar distance (2 to 3 times the impression diameter) 
below the impression, but not extending beyond the edge of the 
impression for any appreciable distance. Experimental observation of 
the plastic zone involved either sectioning and etching the specimen 
after indentation, or observing the deformation of a grid marked on the 
mating surfaces of a split specimen prior to indentation. Neither of 
these techniques had sufficient sensitivity to very small strains or 
sufficient reliability to define the region of plastic deformation 
unambiguously.
2. The difference in the predicted horizontal extent of the plastic zone
created a clear distinction between the two models in terms of the 
position of the intersection of the elastic-plastic boundary with the 
specimen surface. The radial compression model predicted that this 
would be some distance from the impression, the elastic-plastic 
accommodation model predicted that this would be at or near the edge 
of the impression.
3. The material flow trajectories predicted by the radial compression model
were, as the name suggests, essentially radial compression away from 
the indenter. However, there was some degree of tangential motion 
near the surface of the specimen where the material was less 
constrained by surrounding material. The elastic-plastic 
accommodation model predicted "no upflow of material" at any point 
- the compression was purely radial, even near the surface of the 
specimen, with any tangential movement or upflow occurring only on 
removal of the indenter.
4. Whilst the radial compression model allowed that friction might have an
effect on the ridge height, it was claimed in the elastic-plastic 
accommodation model that friction would have only a negligible 
effect.
5. In both models, the upflow or ridge formation adjacent to the indenter
was considered to occur during the removal of the load from the 
indenter. This was not in agreement with the limited experimental 
evidence available, but since experimental observations of the lip or 
ridge were all made after the removal of the indenter, any conclusions 
about the stage at which it was formed were a matter of conjecture.
The initial objective of this project was to devise an alternate model of
blunt indentation in order to propose possible answers to some of these
questions. As the modelling techniques used in the literature had been
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unsuccessful in resolving these issues, a more generalised approach was 
required. Finite element analysis (FEA) provided the required degree of 
generality and had been applied successfully by other researchers to similar 
metal forming problems. FEA was selected as being the modelling 
technique most likely to provide new insight into the problem of 
indentation. At the time this project commenced, it was not possible to 
gain access to a finite element package which adequately modelled plastic 
deformation beyond yield, which is considered to be failure in structural 
analysis. Consequently, it was necessary to write a finite element program 
to enable the study to be pursued.
There were thus six specific goals of this research project:
(i) to demonstrate the feasibility of using finite element analysis to 
simulate an indentation hardness test by devising and writing a finite 
element analysis program in FORTRAN to run on a personal 
computer, and verifying the correct operation of this program by 
comparison with experimental results published in the literature,
(ii) to determine the approximate extent and shape of the plastically 
deformed zone beneath the impression formed during blunt indentation,
(iii) to determine the position of the intersection of the elastic-plastic 
boundary with the surface of the specimen,
(iv) to determine whether the pattern of flow during indentation was purely 
radial, as per the elastic-plastic accommodation model, or included a 
tangential component as per the radial compression model,
(v) to determine the effect of friction between the indenter and the 
specimen on the height of the ridge formed near the impression, and
(vi) to determine whether the uplift or ridging occurred during indentation 
or during/after removal of the load from the indenter.
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3 EXPERIMENTAL METHOD - FINITE ELEMENT ANALYSIS
Indentation of metals by a blunt indenter has been discussed extensively in 
the literature over many years, but the proposed models have not resolved 
some of the major issues related to the deformation which occurs during 
blunt indentation. There is much evidence to suggest that slip line field 
analysis does not adequately describe blunt indentation. The other two 
models supported most strongly in the literature were developed by similar 
processes to each other. Observations and measurements were made of the 
behaviour of particular materials under controlled indentation conditions. 
A theoretical model was then developed which explained the observed 
behaviour, but did not necessarily explain all behaviour observed by other 
researchers to occur during indentation. As shown in Section 2, this 
approach has led to differing views on exactly what happens and when it 
happens during indentation. The dissent, at least on some of the issues, has 
been exacerbated by the current practical impossibility of observing events 
during indentation.
To resolve the issues on which there was no consensus in the literature, it 
was necessary to choose a modelling technique which was completely 
general in terms of the deformation patterns which could occur. The finite 
element analysis (FEA) method provided a generalised simulation of 
material behaviour in which the material is modelled by its mechanical 
properties and constitutive relationship. When deformation is applied to the 
simulated specimen, the plastic flow pattern develops as deformation 
proceeds. The deformation pattern can be observed as indentation occurs, 
so that conclusions about what happens during indentation can be based on 
real time information from the simulation instead of being based on 
inference from measurements and observations of the impression and the 
surrounding material after the indenter is removed. Unlike the models 
proposed in the literature, the FEA simulation is not based on pre-conceived 
ideas of the mechanism by which indentation occurs, nor is it biased by 
attempts to explain any particular set of experimental data. The flow 
pattern develops only from the material properties, the constitutive 
relationship used and the deformation applied to the surface of the 
specimen. It is an ideal technique for resolving the outstanding issues, 
including those related to events which occur during indentation.
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Section 3 of this thesis describes the development of a finite element 
simulation program for plastic deformation and the application of that 
program to resolve some of the issues which remained undecided in the 
literature.
3.1 FINITE ELEMENT ANALYSIS
The principle underlying finite element analysis was well summarised by 
Segerlind [72].
"The fundamental concept of the finite element method is that any 
continuous quantity, such as temperature, pressure, or 
displacement can be approximated by a discrete model composed 
of a set of piecewise continuous functions defined over a finite 
number of sub-domains."
A mathematical model of an arbitrarily shaped continuous body under 
arbitrary conditions of stress and strain has an infinite number of degrees 
of freedom, rendering exact numerical analysis impossible. In FEA, the 
continuous body is subdivided into a large number of small elements. The 
behaviour of each element is defined only at points called nodes. The 
shape (and other properties) of each element is determined completely by 
the position (or other quantities) of the nodes. While each element is not 
completely arbitrary in shape, they are small enough that when they are 
joined together, the assembled elements closely approximate the shape of 
the arbitrary body. A mathematical model is then developed which 
describes the behaviour of each element in terms of the nodal values of the 
variables of interest. This is analogous to the approximation of an arc by 
a series of chords. The shorter (and more numerous) the chords, the closer 
the approximate curve formed by the chords will be to the arc. As the 
chords are reduced in length, the solution will converge towards the exact 
solution. The chords can be completely defined by specifying their end 
points (nodes). Linear interpolation functions may be used to determine the 
approximate positions of points on the circumference between the ends of 
the chords. Similarly, in FEA, as the elements are made smaller, the 
solution should converge to the exact solution and interpolation functions
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can be used to determine the values of variables at points other than the 
nodes.
The power of finite element analysis results from the reduction of a 
continuous system with an infinite number of degrees of freedom to a 
discrete model with a finite number of degrees of freedom, enabling the 
calculations and analysis to be performed using a digital computer.
3-1-1 Outline of FEA Method
The following steps were involved in utilising FEA to simulate blunt
indentation of metals.
1. Physical System. The physical system to be simulated was defined, 
including specimen and indenter geometries, material properties, and 
boundary conditions.
2. Subdivision. The physical system was divided into small, 
geometrically simple elements which, when assembled together, could 
approximate the original body.
3. Continuum Model of an Element. A mathematical model was 
defined which described the behaviour of a single element. This was 
a continuum model.
4. Discretisation. Interpolation or "shape" functions were used to 
convert the continuum model into a discrete model of an element 
based only on the behaviour of nodal values. Because these shape 
functions defined the shape of the element in terms of the positions of 
the nodes, the shape of the elements was no longer completely 
arbitrary. 5
5. Assembly. A complete discrete mathematical model of the entire 
original body was assembled by combining the discrete models of 
individual elements.
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6. Solution. The required boundary conditions were applied and the 
resultant set of equations were solved to obtain the nodal values of the 
variables of interest.
7. Interpolation. The discrete model of the whole body and the discrete 
and continuum models of the individual elements were used to 
calculate the values of the required variables at the points in the 
specimen required for analysis.
Each of these steps for simulating blunt indentation is described briefly in 
the following sections.
3.1.2 Physical System
Figure 3-1 - Diagram showing the cylindrical 
specimen and conical indenter modelled.
The physical problem to be analysed was indentation of a metal with a 
blunt conical indenter. The included angle of the indenter was 120°. It was 
assumed that the grainsize of the metal was uniform and significantly 
smaller than the impression being formed. The metal was therefore 
regarded as homogeneous and isotropic. The impression formed by a 
conical indenter would therefore be axially symmetric, and FEA based on 
axisymmetric stress and strain would be appropriate for simulating the 
deformation which occurred. The specimen was thus cylindrical, with a
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Figure 3-2 - Diagram of a radial 
section of the specimen and 
indenter shown in Figure 3-1.
conical impression formed in the centre of the top surface and the lower 
surface resting on a flat, frictionless rigid support. The diameter of the 
specimen was twice the height, since it was expected from the literature that 
the deforming zone would be approximately hemispherical. Figure 3-1 
shows the specimen and indenter prior to indentation. Being axisymmetric, 
the specimen was able to be described completely by a radial section as 
shown in Figure 3-2.
3.1.3 Subdivision
The radial section being modelled was divided into a number of small 
elements. The section of the specimen is shown here (Figure 3-3) divided 
into 9 elements, but in practice there were 44. This number was determined 
by the limitations of the software and hardware used to perform the 
calculations. In this diagram, elements are shown with nodes only at the 
comers. In the mesh used in this investigation, each element had nodes at 
its comers and at the midpoint of each side. For reference purposes, 
elements and nodes have been numbered. Element numbers have been
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Figure 3-3 - Subdivision of radial 
section into nine 4-noded elements.
6
shown inside a small circle near the centre of each element, node numbers 
are shown above and to the right of each node. The symbols near the 
surface nodes on the bottom and left sides of the quarter section indicate 
that the movement of these nodes is restrained. The symbol ft? indicates 
that the node is free to move in one direction only. The symbol 
indicates that the node is not free to move in either direction. The nodes 
that are situated on the axis of the cylinder cannot move off the axis as to 
do so would imply that a void had opened up in the centre of the specimen. 
The lower surface of the cylinder could not move downwards, so the nodes 
on the lower surface could only move horizontally during indentation. 
Node 13, which was on both the axis and the lower surface of the cylinder 
was restrained in both directions.
The accuracy, and hence the usefulness, of the solution for the pattern of 
elements (referred to as the finite element mesh) shown here would be 
severely limited by the straight sided elements and the small number of 
elements. It was necessary, to achieve useful results, to use a mesh with a 
larger number of elements (44), and to use elements with curved sides (see 
section 3.4.7).
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3.1.4 Continuum Model
Metals undergo both elastic and plastic strain. The elastic stress-strain 
relationship described here is formulated for small strains, and is linear; 
while the plastic stress-strain relationship is not linear and is more complex. 
The elastic relationship is used here to demonstrate the use of stress-strain 
relationships in FEA.
Since the model was axially symmetric, it was convenient to use a 
cylindrical coordinate system. The three dimensional parameters are r , z  
and 0, in the radial, axial and tangential directions respectively. The 
condition of axial symmetry means that there are only four independent 
components of stress and strain:
o
6 r ’
° z e z
CD
D e  =
€ 0
* r r . y  rz_
(3-1)
For elastic deformation, the relationship between stress and strain is 
described by Hooke’s Law:
o = De (3-2)
r  dimensional component in radial direction
z  dimensional component in axial direction
0 dimensional component in tangential direction
o stress vector
or stress in radial direction
oz stress in axial direction
o0 stress in tangential direction
z rz shear stress in r-z plane
e strain vector
er strain in radial direction
ez strain in axial direction
€0 strain in tangential direction
y IZ shear strain in r-z plane
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For axisymmetric stress and strain:
1 V
1-v
V
1-v 0
E( 1-v)
V
1-v 1
V
1-v 0
(l+v)(l-2v) V
1-v
V
1-v 1 0
0 0 0 l- 2 v2 (1 -v )
(3-3)
For deformation involving small displacements, the strain is related to the 
displacement by:
e = Ae
where: e =
and A, the strain-displacement
' _d_
dr
operator, is defined as: 
0
A =
0
_1
r
_d_
dz
_a_
dz
0
d_
dr
(3-4)
(3-5)
(3-6)
D stress-strain matrix
E Young's modulus
V Poisson's ratio
A strain-displacement operator
e displacement vector
u displacement in r-direction
V displacement in z-direction
d partial derivative
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Using (3-4) to substitute for e in (3-2) gives:
o = DAe (3-7)
This equation provides a continuum mathematical model of the deformation 
behaviour of the material. If the displacement and displacement gradients 
at a point are known, the stress at that point can be calculated. If the stress 
at a point is known, the displacement of that point can be solved. Any real 
body has an infinite number of points. Stress and/or displacement will only 
be known at a limited number of these points, so it is not possible to 
calculate of stress and displacement fields from this model. A discrete 
model is needed, in which the stress and displacement are expressed in 
terms of nodal forces and displacements, limiting the model to a finite 
number of degrees of freedom. The requirement for equilibrium can then 
be applied to solve for the nodal values and interpolation used to determine 
approximate values of interest at any point in the body.
3.1.5 Discretisation
Discretisation is the core of the finite element method. It enables the values 
of parameters such as displacement at any point in the body to be derived 
from their nodal values. The behaviour of a continuous body with an 
infinite number of degrees of freedom can thus be represented 
approximately by a discrete model having a finite number of degrees of 
freedom.
Using subscripts to denote nodal values, the displacements for the four 
nodes of an element were represented by 6 as follows:
8 =
v i
U2
V 2
U3
V 3
^4
^4 5
(3-8)
5 nodal displacements for an element
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As there were only two nodes on each side of the element in the example 
discussed here, insufficient information was provided to define any shaped 
sides other than straight lines. Therefore, to define the displacement 
throughout the element in terms of nodal displacements, it was assumed that 
the displacement varied linearly between nodes. This assumption had the 
following consequences.
1. Linear interpolation functions were used to calculate displacements at 
any point in the element from the nodal values of displacement.
2. The sides of the element were constrained during deformation to 
remain straight. As a result of this, under arbitrary deformation, the 
model was "stiffer" than a "real" body.
3. Displacement was continuous across element boundaries. I.e., no gaps 
opened up at the element boundaries during deformation.
4. The displacement gradient was constant within each element, therefore 
strain was also constant within each element, but discontinuous at the 
element boundaries. Since stress is linearly related to strain, stress was 
also discontinuous at the element boundaries.
The interpolation functions used are referred to as "shape functions" since 
they determine the shape of the element. To be consistent with the 
literature, the term "shape functions" is used hereinafter. Shape functions 
are functions of r  and z which determine the contribution of each of the 
four nodal displacements to the displacement at an arbitrary point [ i , z\. 
For the four noded element, the shape functions were denoted by N± to NA. 
The matrix of the values of the shape functions at a particular point in the 
element was N. The displacement at any point was calculated from:
N matrix containing the values of the shape functions at point 
[r,z] within an element
i\7i -  N, shape functions for an element with 4 nodes
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Because the deformation was constrained by the assumption that 
displacement varied linearly between the nodes, it was not possible to 
achieve equilibrium along the entire boundary of each element. Equilibrium 
was approximated by solving for the nodal displacements with the minimum 
possible potential energy. Potential energy is the difference between the 
external work performed by the applied forces and the internal strain energy 
generated by the deformation which occurs. That is:
4> = U-W, (3-10)
where [79]:
W = 6t F (3-11)
and:
U = I f \  ° T€ (3-12)
Substituting for o, e and e from equations (3-2), (3-4) and (3-9) gives:
U = J ' J ' - ^ 6 TN TA TD TA N 5 d r d z  (3-13)
—NTA TbA N drdz6.
2
(3-14)
Substituting (3-11) and (3-14) into (3-10) gives:
4> = 8TJ j ,i N TA TD A N d rd z6 -6 TF. (3-15)
4> potential energy 
U internal strain energy
W external work
F nodal forces applied to an element 
T (superscript) transpose of a matrix
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When 6 is a minimum (or a maximum), ^  = 0.do
(3-16)
From (3-15): 0 = ÎÎN TA TDANdrdzô -  F, (3-17)
or, more simply: F =KeÔ (3-18)
where: Ke = r[N TA TDANdr d z (3-19)
= Element Stiffness Matrix
3.1.6 Assembly of Global Stiffness Matrix
The process of assembly of the global stiffness matrix from the element 
stiffness matrices is identical for any size and complexity of problem. 
When the body being modelled was subdivided into elements, a steering 
vector was set up for each element which mapped local node numbers to 
global node numbers. After the element stiffness matrix was determined for 
each element, the steering vector for that element was used to sum the 
values of the element stiffness matrices to the appropriate location in the 
global stiffness matrix K. The equations to be solved for the complete 
model of the cylinder were then:
F=KÔ • (3-20)
3.1.7 Equation Solution
Once the global stiffness matrix had been assembled, the boundary 
conditions were applied as displacements to the nodes on the top surface 
which were in contact with the indenter by substituting values representing 
the boundary conditions into the simultaneous equations (3-20). The 
equations were then solved using Gaussian elimination, yielding the 
remaining nodal displacements for the specimen.
Ke element stiffness matrix 
K global stiffness matrix
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To model plastic deformation, in which the material properties depend on 
the deformation history of the material, the indentation was formed 
incrementally with the material properties being modified after each 
increment of deformation. The development of the impression and the 
surrounding plastic deformation zone was thus observed during the 
application of the indenting force.
3.1.8 Interpolation
The nodal displacements determined by the solution of the system of 
simultaneous equations were then used to calculate approximate stress and 
strain distributions in areas of interest. Equation (3-9) was used to calculate 
the displacement distribution from the nodal displacements. From the 
displacement distribution, equation (3-4) was used to calculate the strain 
distribution and equation (3-2) the stress distribution. The stress 
distribution was used to determine which elements had yielded at each step 
in the deformation.
3.2 SOFTWARE
When this project commenced in 1986, the finite element software available 
within the University of Wollongong was designed primarily for analysis 
of engineering structures or engineering components. In this context, the 
onset of plastic deformation is considered to be failure. Once stresses 
increased beyond the yield point of the material, the analysis was stopped. 
It was therefore necessary to devise and write a FEA software package 
which continued the analysis beyond the yield point.
The design and writing of FEA software is described in many textbooks on 
the finite element method. However, while explaining the necessary 
programming techniques, most books did not include actual programs. 
Smith [79] explained a number of simple finite element models and 
provided FORTRAN programs which implemented the models. The 
programs by Smith were used as a base from which the simulation 
programs described in the present work were developed. The developments
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made are described in section 3.4 and the main program developed is listed 
in Appendix A.
Several other software packages were used during the project.
Lotus 1-2-3 was used for performing many of the calculations which were 
required to generate the mesh data for input to the finite element program 
and to analyse the output data and prepare the various graphs used, both in 
this thesis and during the course of the project.
Graftalk was used, in conjunction with plotting routines written in 
FORTRAN to generate plots of the deformed meshes.
Wordperfect was used for the preparation of this thesis, including the 
printing of the graphs and diagrams.
A database written in DataFlex was used to store information related to 
over 200 journal articles and books used in this project.
Harvard Graphics was used to prepare some of the diagrams used in this 
thesis.
TurboCAD was also used in the preparation of diagrams used in this 
thesis.
3.3 HARDWARE
The work was commenced on the Uni vac mainframe at the University of 
Wollongong. Difficulties were experienced in gaining access to the Univac 
and with limitations on the time and memory available. The Department 
of Materials Engineering did not, at that time, have adequate facilities for 
this work, so after the first 6 months, the project was transferred to a 
privately owned IBM PC-compatible with the "standard” configuration of 
640k memory and 20M hard disk and dot matrix printer.
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3.4 MODIFICATIONS TO THE PROGRAM
The original program used was taken from Chapter 5 of Smith [79]. In the 
book, it is designated as PROGRAM 5.0. To avoid ambiguity, this program 
will be referred to as SMITH. The final program used for modelling 
indentation was developed by making substantial changes to SMITH as 
described in the following Sections.
3.4.1 Equation Solution Method
Equation solution occupied over half of the computer time. In SMITH, the 
stiffness matrix was stored as a linear array and Gaussian elimination was 
used as the method of equation solution. This was changed to lower 
diagonal band storage and the use of Choleski Reduction for equation 
solution which gave a saving of about 5% on the overall program execution 
time. Although Smith included routines for Choleski Reduction later in the 
book, they were relatively inefficient and were re-written to minimise the 
time required for equation solution.
3.4.2 Mesh Geometry
In SMITH, the mesh was defined as a uniform rectangular array of 
elements, all the same size and shape. Because the mesh was uniform, the 
only input data required to describe the complete mesh were the number of 
elements in each direction, the size of the elements in each direction and the 
number of nodes in each element. From these five numbers, SMITH 
calculated the coordinates for every node and the assembly data for each 
element. Figure 3-4 is an illustration of a uniform mesh with the maximum 
number of 8-noded elements which could be handled in the computer 
memory available. While the uniformity of the mesh minimised the data 
requirements, it severely restricted the flexibility of the model. The 
maximum number of elements was limited to about 50 (for 8-noded 
elements) by the amount of memory available, so if the elements were made 
small enough to adequately model the impression, then there was 
insufficient undeformed material surrounding the impression to realistically 
represent the elastic support of the remainder of the specimen. If the
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impression size was kept small relative to the specimen to reduce this 
problem, then the elements were too large in the indented region to yield 
any useful information.
C0 
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Figure 3-4 - Uniform finite
element mesh as used in SMITH.
Figure 3-5 - Non-uniform mesh 
used in this work.
To overcome this problem, smaller elements were used in the indented 
region and larger elements in the region providing elastic support. This 
allowed a reasonable sized specimen to be modelled while retaining 
adequate detail in the region near the indenter (see Section 3.6 for more 
information about the mesh used). Figure 3-5 is an illustration of the final 
mesh used for the simulation of indentation. The way the program handles 
the mesh geometry was completely changed to give more flexibility in the 
shape and arrangement of elements. This was achieved by including in the 
input data the coordinates for every node and the assembly data for every 
element. Any desired mesh layout could then be used, but a large amount 
of data was needed. A spreadsheet (Lotus 1-2-3) was used to calculate 
most of this data with the data for some of the more irregular elements 
being generated manually.
3.4.3 Output of Results
In SMITH, the only output from the computer program was a table of 
numbers. There were no headings or other information printed out to
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identify the problem or the data. Interpretation was very difficult, as the 
form in which the results were presented could not be related easily to the 
physical situation. The information was limited to incremental stresses and 
strains, further reducing its usefulness.
The results were expanded to include all information of interest at each 
stage of deformation, and headings and other annotation were included to 
improve the ease of interpretation. A diagram was generated by the 
program at each step of the deformation illustrating the deformed finite 
element mesh layout with principal stress vectors at the centre of each 
element so that the output could be related directly to the physical situation. 
Additional output files were generated for information of specific interest 
such as force, displacement, and information about which elements had 
yielded at each stage.
3.4.3.1 Summary of Graphing Method
The graphic output was produced in two stages. The FORTRAN program 
generated an ASCII file containing plotting commands for the P.C. graphics 
package GRAFTALK which was then run as a command file under 
GRAFTALK to generate the printed output. This had four distinct 
advantages over using FORTRAN to generate the graphic output directly.
a. It was easier. The plotting command file consists of data interspersed 
with simple commands which controlled the plotting of the data.
DRAW 2.50215 14.52870
MOVE 3.00062 13.99983
CIRCLE .02
DRAW 3.00069 14.49988
CIRCLE .02
Figure 3-6 - Part of a GRAFTALK command 
file generated by the FORTRAN program.
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b. It was far more flexible in terms of the final output. The GRAFTALK 
command files can be edited before being printed to enhance the 
interpretation of the information presented. For example, a small area 
may be enlarged to emphasise small displacements (compare 
Figure 3-7 with Figure 3-8), deformed meshes at different stages of
Figure 3-7 - A complete finite 
element mesh after deformation - as 
output by the FORTRAN program.
Figure 3-8 - Part of the finite 
element mesh - enlarged to show 
more detail in the deformed area.
Figure 3-9 - Overlay of the 
impression at various stages of 
formation showing the trajectories of 
the nodes during indentation.
Figure 3-10 - Overlay of impressions 
formed under different conditions 
illustrating slight differences in the 
pattern of deformation.
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formation of an impression can be overlaid to show the trajectories of 
the nodes during deformation (Figure 3-9), or deformed meshes from 
the same stage of formation of different impressions can be overlaid 
to compare deform ation occurring under different 
conditions.(Figure 3-10)
c. Different output devices can be used without having to re-run the finite 
element analysis program. The same graphics command files can be 
used to view the plots on a screen or produce the same plots on a 
variety of plotters or dot matrix printers.
d. With some minor editing, GRAFTALK command files can be 
converted into Hewlett-Packard Graphics Language files which can be 
read by Wordperfect and integrated into text reports. All diagrams of 
the results included in Section 4 - Results and Discussion were 
produced in this way.
The data were plotted in three stages. First, the undeformed mesh was 
plotted. Superimposed over this was the mesh after deformation, and 
superimposed over both meshes were the principal stress vectors at the 
centre of each deformed element.
3.4.3.2 Drawing the Meshes
The method used to draw both the deformed and undeformed meshes was 
as follows.
For each element:
(i) the steering vector and nodal coordinates for the element were 
retrieved from the appropriate arrays, (i)
(ii) the command required to commence drawing at the first node was 
output to the graphics command file,
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(iii) for each successive node, commands were output to the graphics 
command file to draw a line to the node and draw a small circle 
around the node, and
(iv) step c was repeated until the element was completely drawn.
This process was repeated for each element in the mesh.
3.4.3.3 Drawing Principal Stress Vectors
Principle stress vectors are shown on the diagrams as two double-headed 
arrows at 90° to each other. The directions of the arrows represent the 
directions of the principal stresses at the centre of the element. If the heads 
of the arrow point outwards from the center of the element, the principal 
stress in that direction is tensile, if they point inwards towards the centre of 
the element, the principal stress in that direction is compressive. The 
lengths of the arrows represent the magnitudes of the principal stresses 
relative to an arbitrary scaling factor which is read in with the input data. 
The scaling factor was chosen by trial and error such that the longest 
vectors would be similar in magnitude to the size of the elements in which 
they were drawn.
3.4.4 Displacement Boundary Conditions
In SMITH, the boundary conditions were applied as nodal forces and the 
resultant positions of the nodes were calculated. However, to model 
indentation, the surface of the specimen was required to conform to the 
shape of the indenter where it was in contact with it. Therefore it was 
necessary to apply boundary conditions as displacements rather than as 
forces.
For frictionless indentation, displacements were applied to the surface in the 
vertical direction only; the nodes were able to move horizontally during 
deformation. Had displacements been applied in both directions, the plastic 
flow near the surface of the specimen would have been unnecessarily 
constrained. The vertical displacement applied to each node on the top
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surface depended on the depth of penetration of the indenter and the 
horizontal position of the node. Since the horizontal position of the node 
may vary during the deformation increment, an iterative process was used 
to determine the final horizontal and vertical positions of the nodes at each 
step of indentation.
The displacement boundary conditions were applied by modifying the 
appropriate equations in the set (3-20) so that when the equations were 
solved for displacements, the solution for the nodes to which the 
displacement was applied was the required displacement. To apply a 
displacement of a to the nth freedom un9 the force-displacement equation:
u1kni + u2kn2+- + unknn+- = Fn (3-21)
was modified to:
U lk ni + U 2k n2+~  + U n« +-  = a «  ( 3 ' 2 2 )
where a was chosen to be a very large number - many orders of magnitude 
larger than the other terms in the equation. Since a > knj, the termu^a 
was much larger than the sum of the other terms in the equation. 
Therefore, the equation was reduced to:
una ~ aa (3-23)
which, on solution for un gave:
which was the required displacement for freedom un.
(3-24)
a the displacement to be applied
n freedom number to which the displacement is to be applied 
un the nth displacement 
Fn force applied to the nth freedom
knj  the global stiffness coefficient describing the contribution of 
the jth displacement Uj to the nth force Fn 
a a very large number
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The accuracy of the displacement achieved will depend on the difference in 
magnitude between a and the knj values. So that errors introduced by the 
approximation in equation (3-23) should be negligible, the difference in 
magnitude between a and knj must exceed the number of significant 
figures used in the calculation. In the model used for blunt indentation, the 
magnitudes of knj were observed to be in the range 0-106, the FORTRAN 
program used approximately 8 significant figures, and there were up to 300 
terms in the summation on the left hand side of (3-22). Therefore to 
minimise introduced errors, a had to be at least 1017. The value chosen for 
the model was 1020, so any errors in the displacements applied will be 
negligible.
3.4.5 Simulating Plastic Deformation
In the elastic finite element formulation discussed in Section 3.1, it was 
assumed that the relationship between stress and strain is linear, and that the 
relationship between strain and displacement is linear.
The stress-strain relationship for plastic deformation of metals is extremely 
non-linear. It is linearly elastic until the stress reaches the yield stress, at 
which there is a rapid change in slope of the stress-strain curve, followed 
by further gradual change in slope as the material deforms and strain 
hardens. The slope of the stress-strain curve at any point depends primarily 
on the cumulative plastic strain to which the material has been subjected.
The strain displacement relationship was expressed as (equation (3-4)):
e = Ae
which represented a set of equations (3-6) of the form:
du 
d r ‘
(3-25)
It was implied by the use of this definition of strain that the strain occurring 
would be small. If the strain is large, the strain value thus calculated will 
be in error. For example, for a strain of 0.02, the error will be 0.0002 (1%
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of the value), while for a strain of 0.2, the error will be 0.0212 or more 
than 10% of the value.
The errors caused by these material and geometric non-linearities were 
reduced to acceptable levels by the use of an incremental formulation for 
the FEA model. The incremental stress-strain relationship used was:
do=D de (3-26)
which leads to the set of equations:
dF=Kd6 (3’27)
for the nodal forces and displacements.
This relationship was applied in the model by indenting the specimen in a 
series of small steps. Values of force and displacement for each node and 
average stress and strain for each element were accumulated step by step as 
deformation proceeded. Incremental formulation reduced the errors 
introduced by geometric non-linearity to less than 1% by maintaining the 
validity of the assumption of small strain. The errors caused by material 
non-linearity were reduced by adjusting the material properties for each 
element at each increment of the deformation.
A variable stiffness elastic constitutive model was used to simulate the stress 
strain curve. In this model, to avoid having to recalculate the entire stiffness 
matrix for each element at each deformation increment, the stress-strain curve 
was approximated using two straight lines. The first had a slope equal to the 
elastic modulus of the material and is used for elements which were stressed 
below their yield point. The second line was a visually estimated line of best 
fit representing the stress-strain curve after yield.
As well as the reduced slope of the stress-strain curve, plastic strain is 
characterised by incompressibility, which was simulated by using a 
Poisson's ratio (v) of 0.4999. A value of 0.5 would have given complete 
incompressibility, but would lead to arithmetic errors during calculation 
since the term ( l - 2 v )  occurs in the denominator during the calculation 
of D.
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In the program developed in this project, the indentation increments were 
of varying depths. The depth of each increment was chosen so that the 
element closest to its yield point would be caused to just yield. This 
avoided the problem of having mixed mode increments in which an element 
would be elastic for part of an increment and plastic for the remainder. The 
method used to determine the indentation depth increment is described 
below.
a. The stress state of each element was examined to determine whether 
that element had yielded.
b. A small trial deformation increment was applied, using the material 
properties for each element as determined in a.
c. For each element which had not previously yielded, the stress 
increment caused by the trial deformation increment was used to 
calculate the deformation increment required to cause that element to 
just yield. This calculation assumed that the relationship between 
deformation increments and stress increments was approximately linear 
over small intervals.
d. After this calculation had been completed for each element, the 
smallest indentation depth increment which would just cause an 
element to yield was selected.
e. If this gave a depth increment more than 10 times the trial increment, 
then it was reduced to 10 times the trial increment so that the 
deformation proceeded incrementally, even if no further elements were 
yielding.
f. If the calculated depth increment would result in the indentation depth 
being larger than the final indentation required, the depth increment 
was reduced accordingly.
g. The calculated indentation depth increment was applied to the indenter 
in the model.
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As stress was increased in increments from zero, the strain was initially 
elastic. For each stress increment, there was a corresponding strain 
increment, and because of the linear nature of the elastic stress-strain 
relationship, the direction of each elastic strain increment was the same as 
the stress increments. Once the yield stress was reached, plastic 
deformation commenced. Each further stress increment resulted in an 
elastic strain increment and a plastic strain increment. While the direction 
of the elastic strain increment was still the same as the stress increment, the 
direction of the plastic strain increment should be the same as the total 
stress. However, in the variable stiffness approach, the direction of the 
plastic strain increment and the elastic strain increment were both the same 
as the incremental stress. This effect would cause significant errors only if 
the directions of the stress increment and total stress were significantly 
different. This would occur where:
(a) the direction of applied stress has changed substantially, or
(b) large plastic strains have distorted the stress field.
As neither of these situations occurred in the analysis of shallow indentation 
with a blunt indenter the variable stiffness approach appeared to reasonably 
simulate material behaviour.
3.4.6 Load Removal after Indentation
To determine the effect of elastic recovery, the vertical load must be 
removed after the final indentation depth is reached. This is achieved by 
changing from displacement boundary conditions to force boundary 
conditions for the final stage. Forces are applied to each node in contact 
with the indenter to just balance the forces accumulated during indentation.
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3.4.7 8-Node Quadrilateral Elements
SMITH used 4-node elements with straight sides. The curved surface of the 
deformed material was therefore approximated by a series of short straight 
lines. A closer approximation to the actual shape resulting from 
deformation was achieved with less elements by using elements with curved 
sides. To define curved sides, an extra node was added at the mid point of 
each side of the element. The shape functions used were then quadratic in 
form, so the sides of the elements were curved. While much more flexible 
than elements with straight sides, the deformed shape of the elements was 
still constrained by the use of only three nodes per side and the curve 
defined by the shape functions.
3.4.8 Axisymmetric Elements
The plane stress model used in SMITH was not suitable for simulating 
plastic deformation as the stress or strain in the third direction were not 
considered. When the strain was completely elastic, this did not cause any 
errors as the elastic strain in the z direction was dependent on the strains 
in the x  and y  directions. For plastic deformation, there were independent 
elastic and plastic strain components in the z direction which were not 
considered in the plane stress model. To correctly model plastic behaviour, 
it was necessary to use either a 3-dimensional or an axisymmetric model. 
Axisymmetric was chosen in this case because, compared with a 3­
dimensional model, it is better suited to modelling indentation with a 
conical indenter as less computer memory is required for an equivalent size 
model.
3.5 SELECTION OF MATERIAL PROPERTIES
Commercially pure aluminium was chosen as the material to be modelled 
because there is a considerable amount of information about the general 
behaviour of aluminium during indentation in the literature. In particular, 
a thesis by Killmore [42] contains detailed tensile and Vickers hardness data 
on a range of aluminium samples. The properties of two of the samples 
described by Killmore were chosen for modelling. Stress-strain graphs for
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the two samples are shown in Figure 3-11 and Figure 3-12. In each of 
these graphs, the crosses are the data obtained from tensile tests, the smooth 
curve is Killmore’s computer generated line of best fit based on the Swift 
strain hardening equation, and the two straight lines are the approximation 
for this curve used in the present work. The sample described here as hard 
aluminium was as-received in a cold rolled condition. Its behaviour is 
described by Figure 3-11. It was designated by Killmore as "Aluminium - 
sample 1 of set 2". The Vickers hardness of this specimen was 41.0. The 
straight lines represent a yield stress of 125 MPa and a slope after yield of 
65 MPa*. The material described here as soft aluminium was the same 
material after being annealed at 350 °C for 60 minutes. Its behaviour was 
then as shown in Figure 3-12. It was designated by Killmore as 
"Aluminium - sample 6 of set 2". The Vickers hardness of this sample 
was 20.3. The straight lines represent a yield stress of 40 MPa and a slope 
after yield of 300 MPa.
STRAIN
Figure 3-11 Stress-strain relationships for "soft" aluminium
(after Killmore [42]).
* The slope o f  the stress-strain curve has units o f stress -  strain. Since strain is 
dimensionless, the units are MPa, as fo r Young's modulus which is also the slope of part 
o f a stress-strain curve.
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S T R A I N
Figure 3-12 Stress-strain relationships for "hard" aluminium
(after Killmore [42]).
3.6 DESIGN OF MESH LAYOUT
From the literature, it was expected that plastic deformation would occur in 
a zone near the indenter extending in each direction approximately twice the 
radius of the impression, and that elastic deformation would extend for a 
considerably greater distance. To model the larger elastic zone 
economically and retain a reasonable amount of detail near the indenter, 
different sized elements were used in different parts of the mesh as shown 
in Figure 3-13. The axis of the cylindrical specimen is at the left hand edge 
of the mesh. The elements near the indenter (top left hand comer) are 
smaller than the elements in the rest of the mesh. Since most of the 
specimen (except near the indenter) was strained elastically and was 
subjected to extremely small strains, the use of larger elements at some 
distance from the indenter did not have a significant effect on the 
deformation pattern which developed.
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Figure 3-13 - Finite element mesh used to 
model blunt indentation.
3.7 SUMMARY OF PROGRAMS USED
The following list summarises the computer programs used to implement 
the model and lists the source of each routine as either S for Smith or C for 
Crouch. Appendix A is the program listing for the main program, SA8DIV.
NAME SOURCE DESCRIPTION
ARROW C Draw perpendicular arrows of a specified
height and length at a given location within 
the grid. This is used to illustrate the stress 
state at the centre of each element.
CHOBAK C Choleski back substitution.
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CHOFOR C Choleski forward substitution.
FINDK C Locate stiffness matrix values for a particular 
node and direction.
FMBRAD S Form strain-displacement matrix for 
axisymmetric strain.
FMDRAD s Form the elastic stress-strain matrix for 
axisymmetric strain.
FMQUAD s Evaluate shape functions and their derivatives 
in local coordinates.
FORCE c Evaluate the force applied to a given node.
FORMKB s Assemble the global stiffness stored in lower 
diagonal band format.
GAUSS s Evaluate Gaussian quadrature abscissae and 
weights.
GCFIND c Extract the steering vector and nodal 
coordinates for a particular element from the 
global matrices.
GSVLD c Load the global steering vector from the data 
file.
MATADD s Add two matrices.
MATMUL s Multiply two matrices.
MATRAN s Transpose two matrices.
MVMULT s Multiply a matrix by a vector.
NULINT c Null an integer matrix.
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NULL S Null a matrix.
NULLGE c Null a large matrix.
NULVEC s Null a vector.
PPBGN c Open a graphics file.
PPDRAW c Output the commands to draw a series of line 
segments.
PPNEXT c Close a graphics file.
READNF c Read the node freedom array from the data 
file into NF.
SA8DIV c Main program which implements FEA of 
blunt indentation using the other programs in 
this list.
TRIFAC c Triangular factorisation.
TSTAMP c Retrieve the system date and time and output 
them.
TWOBY2 s Invert a two by two matrix.
In Section 3, the development and use of a FEA computer program to 
simulate elastic-plastic deformation by a blunt conical indenter was 
explained. As the main interest in this project was the resolution of certain 
issues related to blunt indentation (see Section 2) rather than the 
mathematics of finite element analysis, the explanation of the program was 
general rather than specific. Section 4 describes and discusses the results 
of applying this program to resolving the issues listed in Section 2.
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4 RESULTS AND DISCUSSION
4.1 INTRODUCTION
In Section 3, the development of a finite element analysis program for 
hardness indentation simulation was described. A program, designated as 
SMITH, was obtained from a textbook and then modified to incorporate a 
number of additional features. A series of intermediate programs was 
written, each successive program including an additional modification. 
Extensive testing of each intermediate program was carried out to ensure 
that each change was working correctly before further changes were made. 
In this section, the results obtained from the final program only are reported 
and discussed; the results from the intermediate programs during their 
development are not included.
After the final program was written, three series of trials were conducted. 
The first series was aimed at verifying the correct operation of the program 
by comparing the output from the program with calculated results. The 
second was aimed at confirming the validity of the results of the simulation 
by comparing the output from the program with the behaviour of real 
materials as reported in the literature. The third series was aimed at 
simulating indentation under various conditions to provide some insight into 
the issues discussed in Section 2. There are three parts to Section 4, each 
corresponding to one of the three series of trials.
4.2 PROGRAM VERIFICATION
The aim of this series of trials was to verify that the program was operating 
correctly, i.e., that the results of the calculations performed by the program 
were consistent with the material properties input to the program and the 
deformation performed on the specimen. The geometrically simple problem 
of longitudinal compression of a cylinder between frictionless parallel 
platens was used, and different aspects of the program’s operation were 
checked out by varying the material properties as described in the following 
sections. In each section, the aspect(s) of program operation being verified 
are described, followed by the logic behind the trials carried out and a
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description of the expected results. Finally, the results from the finite 
element program are compared with the expected results. The first trial was 
purely elastic compression, the second purely plastic, and the third elastic- 
plastic.
4.2.1 Elastic Compression
The problem of elastic longitudinal compression of a cylinder between 
frictionless parallel platens was chosen for the first trials as it is 
geometrically simple, and produces a uniform deformation which can be 
completely described analytically as shown in the equations below. This 
allowed all of the basic calculations of the program to be checked against 
calculated values and verified the correct operation of most of the program. 
The analytical solution completely described the deformation which 
occurred, allowing comparison between the calculated values and the finite 
element results for displacements, stresses and strains. As a further check 
that the calculated material behaviour was consistent with the material 
properties used, Young's modulus and Poisson's ratio were calculated from 
the stresses and strains indicated by the finite element analysis and 
compared with the values used as input for the program.
The problem used was a cylindrical block, 20 mm high and 40 mm in 
diameter which was compressed axially by 5 mm. The material properties 
used were a Young's modulus of 70,000 MPa and a Poisson's ratio of 0.34, 
values given in the literature as typical of commercially pure aluminium 
[18]. To keep the calculations as simple as possible, it was necessary that 
the strain remained elastic throughout the compression. While this was 
implicit in the equations used for the analytical solution, the finite element 
program is designed for elastic-plastic deformation. An artificially high 
yield stress was therefore imposed on the aluminium to prevent yielding. 
The value used was arbitrarily chosen to be ten times Young's modulus, i.e. 
700,000 MPa compared with the real values of yield stress for aluminium 
of between 100 and 300 MPa.
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4.2.1.1 Analytical Solution - Equations Used
Elastic compression under conditions of axisymmetric stress and strain can 
be described by the following equations [18],[68],[79].
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In the problem modelled here, there is no radial constraint, therefore 
a  = a  =0. This reduces the last three equations to
Ee=a.Z Z
(4-7)
Eer=-vo
z
(4-8)
Eee=-voz. (4-9)
4.2.1.2 Analytical Solution - Results
Using the above equations, the displacement, stresses and strains were 
calculated at a point on the circumference of the top surface of the cylinder 
after compression. At this point, z0 = 20 mm and r0 — 20 mm. The block 
was compressed axially from a height of 20 mm to 15 mm, so 2 — 15 mm. 
These values were used with the above equations to calculate the remaining 
displacements, stresses and strains for comparison with the finite element 
calculations.
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From equation (4-1) and the above data, ez is -0.288. From equation (4-7) 
and this value for ez, oz is -20,137 MPa. From equations (4-8) and (4-9), 
er = e0 = 0.0978. Substituting for er and rQ in equation (4-3) gives a 
value of 22.055 mm for r •
These results are shown, along with the corresponding finite element results, 
in Table 4-1.
4.2.1,3 Finite Element Program Results
Parameter Analytical Solution FEA Calculation
Set Values
*0 20 mm 20 mm
ro 20 mm 20 mm
z 15 mm 15 mm
E 70,000 MPa 70,000 MPa
V 0.34 0.34
Calculated Values
r 22.05 mm 22.03 mm
° r 0 MPa 0 MPa
0 MPa 0 MPa
-20,138 MPa -19,992 MPa
0.0978 0.0971
0.0978 0.0971
-0.288 -0.286
E - 69,999.64 MPa
V - 0.340009
Table 4-1 - Comparison of Finite element analysis of elastic compression 
of a cylindrical block with the analytical solution.
- 93-
Comparison of columns 2 and 3 of the table indicates that the finite element 
calculation is extremely close to the deformation characteristics calculated 
from the equations shown above. The variation from the analytical solution 
was less than 1% for all parameters, and less than 0.1% for displacement.
The source of the variation between the error in displacement (0.094%) and 
the error in strains (0.721% and 0.718%) was investigated by recalculating 
the analytical solution in small increments of deformation and replacing the 
strain calculation (€z=ln(z/Zo)) with the approximation used in the finite 
element program (ez=S(zn-zrt_1)/zn_1). The recalculated value for ez was 
-0.285608. When rounded to the same number of significant figures, this 
is the same as the strain value calculated by the finite element program. 
From this, it appears that the error in the finite element calculation is due 
to the approximation used for strain as described in Section 3. To further 
check this, the finite element calculation was carried out with smaller 
deformation increments - instead of compressing the cylinder by 5 mm in 
20 increments of 0.25 mm, 200 increments of 0.025 were used. The value 
obtained for e was then 0.287474 - an error of 0.072% - a ten fold
z
improvement.
The error in the stress as calculated by the finite element program was 
similar to the error in strain and was thought to be related to the strain 
error. This was checked by using equation 4-7 to calculate the stress 
corresponding to the indicated strain. The stress value obtained was 
-20123 MPa compared with -20138 Mpa for the analytical solution. Again 
this is less than 0.1% error. From this, it was concluded that the source of 
the stress error was the method used to calculate strain in the finite element 
program.
To check the finite element program calculations further, Young's modulus 
and Poisson's ratio were calculated from the indicated strains and stresses. 
The values obtained were 69,999.64 MPa and 0.340009 respectively. 
Within the limits of the rounding errors which occur in a single precision 
FORTRAN program, These values were both correct, providing further 
evidence that the calculated behaviour is consistent with material properties 
used as input data for the program.
- 94-
From this trial, it was concluded that the calculations performed by the 
finite element program are correct. The results of the calculations are 
completely consistent with the analytical solution - the errors which 
occurred were relatively minor, were understood and expected from the 
approximations used in the design of the program as described in Section
3.
Although a trial of one element does not indicate how a multi element mesh 
will behave, the results above do demonstrate that, at least on a single 
element basis, the calculations performed by the finite element program are 
correct, and that the program results in simulated bulk material behaviour 
consistent with the material properties defined in the input data.
4.2.2 Plastic Compression
The next trial was used to verify that the simulation of plastic deformation 
operated correctly. A Multi-element mesh was used for the trial, and the 
input data values were set so that no elastic deformation would occur. 
Because of the modification of material properties to preclude elastic 
deformation, the stress and strain values obtained in this trial do not have 
any useful meaning. This trial is checking:
► that volume is conserved in the simulated plastic compression, and
► that the multi-element mesh performs satisfactorily.
One of the basic characteristics of plastic deformation is incompressibility, 
or conservation of volume. As discussed in Section 3, incompressibility 
was simulated in the finite element program by setting Poisson's ratio to
0.4999 for elements undergoing plastic strain. To check that the simulation 
of this characteristic of plastic deformation worked successfully, Poisson's 
ratio was set to this value for the elastic deformation as well, and the 
specimen subjected to compression between frictionless parallel platens.
Figure 4-1 shows the compressed mesh in solid lines superimposed over the 
undeformed mesh shown in dotted lines. The undeformed mesh represents 
a radial section through a cylinder 14 mm high by 28 mm diameter. The
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Figure 4-1 Deformation of multielement mesh under compression 
between frictionless parallel platens.
left hand edge of the mesh is the axis of the cylindrical specimen. The 
elements near the top left hand comer of the section (the centre of the top 
surface of the specimen) have been made smaller to help monitor in detail 
the behaviour of the metal directly under the indenter during indentation in 
later trials. The short vertical lines in the centre of each element in the 
mesh after compression are the principal stress vectors. In this case, the 
principal stresses are comprised of a small vertical compressive stress only.
The shape of the mesh has remained rectangular, because the frictionless 
platens have allowed uniform horizontal expansion over the full height of 
the cylinder. The top right hand comer has moved during compression 
from position coordinates of (14,14) to (17.4,9.0). Based on these values, 
the volume of the cylinder has changed from 8620 mm* to 8560 mm3, a 
reduction of approximately 0.7%. Although this is a small error, it was 
necessary to understand its cause in order to have confidence in the results 
of the finite element program.
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As for the strain error discussed earlier, the volume error was thought to be 
due to the approximation of continuous deformation by a finite number of 
discrete steps. The trial was run again, using 100 deformation increments 
instead of 25. The volume error was reduced to approximately 0.2%. This 
confirms that the error is related to the size of the deformation increments, 
and can therefore be controlled by using sufficiently small increments of 
deformation.
4.2.3 Elastic-Plastic Compression
For elastic-plastic compression, the mixed deformation mode prevents 
straightforward complete analytical solution as used in the previous sections 
for comparison with the finite element calculations. A basic comparison of 
mechanical behaviour was made over a range of strains by graphing the the 
stress-strain response of the simulated material on the same graph as a 
stress-strain curve calculated from the material properties used as input for 
the program.
Because of the technique used to simulate plastic deformation (see Section 
3) the stress-strain "curve" should be two straight lines. The first should 
pass through the origin, and have a slope equal to Young’s modulus. The 
second should commence at the initial yield stress, and have a slope equal 
to the strain hardening rate.
Figure 4-2 shows the stress-strain curve drawn from the output data 
superimposed over a stress-strain curve drawn from the input data. The 
expected and actual results are so close together that the superimposed lines 
are practically indistinguishable - the very slight differences between the 
two are indicated by the varying thickness of the line. This demonstrates 
that the behaviour of the material as simulated by the program is as 
expected from the material properties used and the technique used to 
simulate plastic deformation in the finite element program.
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Natural Strain
Figure 4-2 Stress-strain curve from finite element program calculations 
superimposed over stress-strain curve calculated from material properties.
4.3 COMPARISON WITH THE REPORTED INDENTATION 
BEHAVIOUR OF METALS
A series of indentations were carried out on simulated specimens, and the 
results were compared with values found in the literature for experiments 
on metal specimens carried out under similar conditions. Comparison was 
made of:
a. hardness values,
b. elastic depth recovery,
c. height of the ridge which forms around the indentation, and
d. effect of strain hardening on the form of the ridge.
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4.3.1 Comparison of Theoretical and Actual Hardness Values
For each of the trial indentations, a theoretical hardness value was 
calculated. At each increment of deformation, the number of nodes in 
contact with the indenter was determined from the positions of the nodes 
and the indenter. A mean indentation pressure was then calculated from the 
total vertical force and the area of the circle which would pass half way 
between the last node in contact with the indenter and the next node out
Figure 4-3 - Comparison of the two methods used for calculating 
the area of the impression formed by the indenter.
from the specimen centre. This is ilustrated in Figure 4-3 as Method A. 
Each node was the last node for approximately five increments (this varied 
with the size of the increments). Therefore, the diameter of the circle used 
for calculating the mean pressure varied only once for about five increments 
in force, so the mean pressure varied considerably. To overcome this, the 
mean pressures were averaged over all increments of indentation. The 
result is referred to here as the calculated cone hardness (He). The values 
obtained were 20.9 for the ’’soft" sample and 49.6 for the hard sample.
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An alternate calculation was also used, based on the area of the circle which 
passed through the intersection of a straight line representing the indenter 
face and a straight line representing the original specimen surface - 
illustrated as Method B in Figure 4-3 The cone hardnesses calculated from 
this area varied more widely. The behaviour of material between nodes was 
approximated in terms of nodal behaviour by interpolation. This means that 
the force on a node is effectively supported by all of the material within the 
elements of which that node is part. The area based on the intersection of 
the surfaces as above gives a poor indication of the area effectively 
supporting the load, leading to large variations as loading proceeds.
Killmore [79] quotes Vickers hardnesses of 20.3 and 41.0 for the soft and 
hard samples respectively. From the geometry of the Vickers indenter and 
the use of surface area rather than projected area in the calculation of 
Vickers hardnesses, it can be deduced that the Vickers hardness, (Hv), is 
related to the mean pressure pyramid hardness (Hp) by Hv=0.927Hp. As 
discussed in Section 2, hardness values obtained with blunt indenters are 
practically independent of the indenter shape, and therefore, Hp should be 
equivalent to He above. This calculation using the Vickers hardness values 
from Killmore gave Hp values of 21.9 and 44.2 for the soft and hard 
materials respectively.
For the soft material, the values of 20.3 and 21.9 are in quite good 
agreement with each other. However, for the hard material, the value of 
49.6 is substantially higher than the measured value of 44.2. However, the 
difference of 5.4 hardness points is not so significant when compared with 
the large step changes in the values of which the calculated figure is the 
average. It does indicate that caution should be exercised in interpreting the 
force values obtained from the program. A mesh with finer elements 
should overcome this to large extent, but the size of elements was limited 
by the available computer memory.
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4.3.2 Elastic Depth Recovery
Once the load is removed from the indenter, there will be some elastic 
recovery. In the four experimental trials described in Section 4.4, the 
elastic recoveries obtained were:
soft, no friction 1.47%
hard, no friction 1.82%
soft, friction 1.49%
hard, friction 1.85%.
As described in section 2.4.3, values reported in the literature for aluminium 
range from 1% to 10%. The values obtained here are within this range, 
demonstrating good agreement with the literature.
4.3.3 Ridge Height
There is not a large amount of quantitative data on ridge heights available 
in the literature, largely due to the difficulty of measuring it accurately. 
Dugdale [23] indicated that experimental results on a variety of materials 
gave ridge heights from 0.07 to 0.21 of the radius of the indentation. 
Mulheam [59] indicated that his theoretical model gave values close to 0.02 
of the indentation radius while his experimental results ranged from 0.03 to
0.17 of the indentation radius. In both cases, difficulties were reported in 
accurately establishing a datum plane for the measurement of the height. 
This difficulty does not exist in a finite element model. The ridge heights 
obtained in the trials conducted here ranged from 0.052 to 0.103 of the 
indentation radius. All of the results were well within the range of 
experimental results available in the literature. The lack of reliable 
quantitative data obtained under experimental conditions similar to those 
simulated here precludes a precise assessment of the accuracy of the ridge 
height predictions.
4.3.4 Effect of Strain Hardening on the Ridge Formed Around 
the Indentation
The stress-strain diagrams presented in Section 3 for the soft and hard 
aluminium specimens chosen indicate that in both tempers the material used 
in the experimental trials would strain harden when deformed, but the
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Figure 4-4 Deformed mesh near the edge of the indenter in soft aluminium.
harder specimen would harden much less for a given strain. In Section 
2.4.2, it was reported that strain hardening propensity affects the form of 
the ridge formed around a hardness impression. The difference in strain 
hardening propensity between the soft and hard aluminium specimens 
should result in an observable difference in the form of the ridge around the 
rim of the indentation. Figure 4-4 shows a radial section of the specimen 
near the indenter for the soft material. Figure 4-5 shows the same section 
for the hard material. In both, a significant ridge has formed. Comparison
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of the two figures shows that the ridge is much steeper and confined to a 
region closer to the indenter in the hard material which would not strain 
harden to the same extent as the soft material. This clearly illustrates the 
effect of strain hardening propensity on ridge form which is described in the 
literature.
With the exception of the indenting force, the observable indentation 
characteristics of the simulated material agree very well with qualitative and 
quantitative characteristics reported in the literature. From the calculated 
cone hardness results, the force values calculated by the finite element 
program are in error by up to 10% for the hard specimen - although much 
less than this for the softer specimen. The precise error is hard to evaluate 
because of difficulties encountered in trying to determine an appropriate 
calculation for the surface area supported by the indenter. The use of more 
and finer elements, and more and finer deformation increments should 
significantly reduce this error; however, insufficient computer resources 
were available to try them in this program. The issues raised in Section 2 
relate mainly to geometric characteristics of the deformation. The results 
reported in this section have demonstrated very good agreement with values 
found in the literature for all aspects of indentation except the magnitude 
of the indenting force. Therefore, provided they are not related to force, the 
program should give a reliable indication of those characteristics of material 
behaviour during indentation on which agreement was not reached in the 
literature.
4.4 PROBLEM INVESTIGATION
Having verified that the performance of the simulated material is very close 
to the predictions of theoretical solutions and also agrees with data obtained 
from experimental observations of the behaviour of metals when indented, 
it is now credible to apply the finite element program to the resolution of 
the problems and issues raised at the end of section 2.
These issues related primarily to the pattern of plastic deformation beneath 
and adjacent to the indenter. They can be summarised in the following 
questions.
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1. What is the extent and shape of the plastic deformation zone?
2. What is the position of the intersection of the elastic-plastic boundary
and the specimen surface?
3. What is the pattern of deformation in terms of the trajectories of various
points in the section during indentation?
4. Does friction affect the formation of a ridge or lip?
5. Does the formation of a ridge or lip near an impression occur during
indentation, or when the indenter is removed?
These questions relate to the major differences between the radial 
compression model of indentation and the elastic-plastic accommodation 
model. While the weight of existing experimental evidence leans towards 
the radial compression model, the above questions, which cannot be 
answered by current experimental methods, have a major bearing on the 
validity of either or both models.
As described at the end of Section 3, commercial aluminium was chosen as 
the material to be indented because of the extensive experimental 
observations available. Extremes of temper were chosen to examine the 
effect of strain-hardening propensity on indentation, and each indentation 
was carried out with both sticking friction between the specimen and the 
indenter, and with no friction. The results, as relevant to the above 
questions, are described and discussed below.
4.4.1 Extent and Shape of the Plastically Deformed Zone
Figure 4-6 shows the complete deformed mesh for the soft sample with the 
yielded elements marked. Figure 4-7 is a similar diagram for the hard 
sample. As expected from the literature, the plastic zone extended further 
into the specimen in the soft material for which the strain hardening 
propensity was higher. In both cases, the plastic zone resembled, within the 
limits imposed by the coarseness of the mesh, the description of Mulheam 
[59] for the radial compression model that Mthe deformed zone should
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Figure 4-6 Deformed mesh for indentation of soft specimen with yielded 
elements indicated by the shaded area.
extend beneath the indenter for approximately the same distance that it 
extends in a direction normal to the indenter axis." It extended further 
downwards than would be expected from the slip line field model, and 
further outwards than the elastic-plastic accommodation model predicts, 
lending support to the radial compression model.
4.4.2 Intersection of the Elastic-Plastic Boundary with the 
Specimen Surface
Because of its basis on a Hertzian analysis of the elastic stress field, the 
elastic-plastic accommodation model predicts that the plastic zone will 
intersect the surface of the specimen at the edge of the indenter/specimen 
contact area. Figure 4-6 and Figure 4-7 both indicate that this is not the 
case, but the plastic zone intersected the surface at some considerable 
distance from the indenter. This is also characteristic of the radial 
compression model.
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Figure 4-7 Deformed mesh for hard sample with yielded elements indicated 
by the shaded area.
4.4.3 Plastic Flow Beneath the Indenter
To determine the pattern of plastic flow beneath the indenter, a number of 
diagrams were overlaid. The original mesh, prior to deformation was drawn 
first, then the final mesh, prior to the removal of the indenter from the 
impression. In order to track the movement of the nodes from the original 
to final positions, the positions of the nodes at various steps throughout the 
formation of the indentation were then superimposed over the meshes. The 
resultant diagram is shown below as Figure 4-8
The pattern of plastic flow occurring beneath the indenter resembled the 
prediction of the radial compression model for the region directly beneath 
the indenter. However, as shown in Figure 4-8, the flow pattern for regions 
not constrained vertically by contact with the surface of the indenter 
contained a much larger tangential component than the radial compression 
model predicted. This tangential component was the reason for the 
occurrence of the ridging near the impression during indentation. The 
element near the surface of the specimen and under the edge of the indenter
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Figure 4-8 - Plastic flow trajectories beneath an indentation 
in soft aluminium indicated by the nodal positions at 
successive deformation steps.
was undergoing intense shear at the stage at which the indentation 
simulation was stopped by removing the load from the indenter. The nodes 
on the left handside of this element are moving downwards under the direct 
influence of the indenter, while the nodes on the right hand side are moving 
upwards. Further detailed investigation of this zone would be required to 
determine whether or not this shear was concentrated in a small region or 
spread through a larger region. Because of the interpolation method used 
in the FEA program, the strain in the model is distributed. This pattern of 
plastic flow resembled a wave like movement - initially, the material moved 
upwards, then outwards, and finally downwards as the adjacent specimen 
surface came into contact with the indenter.
A further significant difference between the simulated flow and the 
predictions of the radial compression model is evident at some distance
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from the indenter. The motion of the nodes near the bottom and right hand 
edges of the diagram (which are still a considerable distance from the edges of 
the specimen) is substantially tangential, except for those directly below the point 
of the indenter. The radial compression model suggests that the only tangential 
movement occurs near the specimen surface.
4.4.4 Effect of Friction on Ridge Height and Shape
Having observed that the FEA program accurately reproduced the observed 
characteristics of ridge formation, and that the ridge heights obtained were 
similar to those reported in the literature, the program can then be used to 
examine some of the areas of controversy surrounding ridge formation. One 
significant area of disagreement is the effect that friction between the indenter 
and the specimen has on indentation. Depending on which model of indentation 
is accepted, friction should have a large effect (slipline field), a small effect 
(radial compression) or negligible, if any, effect (elastic-plastic accommodation) 
on blunt indentation.
Figure 4-9 shows the regions of Figure 4-4 and Figure 4-5 superimposed with 
a third line showing the same deformation conditions as Figure 4-4 except for 
the addition of sticking friction. The solid lines are the mesh for the hard 
sample modelled which has a lower strain hardening propensity than the other 
samples and no friction. The ridge is higher and somewhat more localised, and 
the surface of the ridge meets the surface of the indenter fairly sharply. The 
dotted lines are the deformed mesh for the soft specimen, showing the effect of 
strain hardening on the ridge form. It is not as high, (0.064 of the impression 
radius as opposed to 0.103 - a 40% reduction) and much more diffused. The 
dashed lines are the deformed mesh for the soft material under similar 
deformation conditions to the dotted lines except that the horizontal movement 
of points in contact with the indenter has been restricted to simulate sticking 
friction. This ridge is again lower (0.052 of the impression radius - a further 
20% reduction in height) and still further spread out. The effect of friction has 
been similar to the effect of strain hardening, but less significant. The ridge 
heights, and the small effect due to friction suggest that the slipline field model 
is not operating, but the effect of friction is definitely not negligible, which 
supports the radial compression model rather than the elastic-plastic 
accommodation model. As it was not possible to reliably assess the accuracy 
of ridge height predictions (see 4.3.3), these comparisons are qualitative only. 
However, the discrepancies between the predictions of the competing models 
from the literature are quite large. Therefore, the uncertain accuracy of the finite 
element predictions will not affect the conclusions drawn from the comparison.
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Figure 4-9 Overlay of deformed meshes to show the effects of strain 
hardening and friction.
4.4.5 Ridge Formation and Surface Uplift
Both the radial compression model and the elastic-plastic accommodation 
model suggest that the ridge remaining after indentation formed as a result 
of elastic stresses causing surface uplift as the indenter was removed. In 
this finite element simulation, the ridge quite clearly formed during 
indentation. Elastic recovery of the depth of the indentation agreed closely 
with experimental observations as discussed in Section 2.4.3. However, 
contrary to the models proposed in the literature, uplift of the surrounding
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surface on removal of the indenter due to elastic recovery was extremely 
small - the ridge had already formed during indentation.
This is a significant new piece of information. Since the simulated 
indentation undergoes similar depth recovery to that actually measured for 
real indentations, it is likely that the increase in ridge height on removal of 
the indenter also accurately represents the behaviour of real materials, even 
though it is contrary to the assumptions (not actual measurements) on which 
both popular models are based.
4.5 SUMMARY
The FEA program developed in this work was tested against analytical 
solutions for simple problems and the observed behaviour of aluminium and 
other metals during blunt indentation as reported in the literature. The 
agreement with the quantitative and qualitative aspects of both theoretical 
and observed behaviour was very good, with the exception of the indenting 
force. When this program is applied to the problem of blunt indentation, 
the data obtained from the program should give a reliable indication of what 
happens during indentation. Therefore, conclusions drawn from the data 
obtained from the model should be valid.
The finite element analysis results largely supported the radial compression 
model. For all five of the questions addressed, the outcome either 
supported the radial compression model, or did not support either of these 
two models. The agreement between the FE simulation of indentation and 
the radial compression model was close, but there are two substantial 
discrepancies between the simulated behaviour and the predictions of the 
radial compression model.
(a) Ridging occurred during indentation. It was suggested in the radial 
compression model that ridging probably occurred as the indenter was 
removed.
(b) The plastic flow pattern was different from the predictions of the radial 
compression model, particularly at some distance from the indenter.
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These results effectively resolved the issues from the literature in favour of 
the radial compression model. The conclusions reached need to be further 
tested by:
a) using an elastic-plastic constitutive equation instead of simulating 
plasticity with a variable slope elastic constitutive model,
b) using a finer mesh (more elements) to improve the resolution in the 
region being indented,
c) using double precision calculations to improve the accuracy of the 
solution,
d) conducting trials on a wider range of materials to test the general 
validity of the conclusions, and
e) experimental verification of the information obtained from the program 
where possible.
Of these, b) and c) were restricted by the memory available on the 
computer used. Each of these could form the basis for further work to 
improve the reliability of the conclusions.
Section 4 has described the application of the program described in Section 
3 to generate additional data concerning plastic deformation during the 
formation of an impression in the specimen surface in order to resolve a 
number of issues which had been the subject of controversy for many years.
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5 CONCLUSION
Indentation hardness testing is probably the test most frequently used to 
measure the mechanical properties of metals. Despite this, the literature 
concerning the indentation of metals with a blunt tapered indenter contained 
many contradictions, some of which have remained unresolved for over fifty 
years. While there was some agreement about the general effects of the 
major variables affecting indentation, there was no consensus about the 
pattern of deformation which occurs during indentation or during removal 
of the indenter. The most widely supported of the models proposed in the 
literature were the elastic-plastic accommodation model of Shaw and De 
Salvo and the radial compression model of Mulheam and others. There was 
significant agreement between these two models in a number of areas. Both 
successfully explained many observed features of actual indentations which 
did not agree with the predictions of earlier models as listed below.
i. The plastically deformed zone extended for a significant distance 
below the indentation.
ii. There was little lateral movement of the specimen surface in contact 
with the indenter, minimising the effects of friction.
iii. The observed ridge height is much lower than that predicted by 
slipline field analysis.
iv. The general flow of material during indentation was radially out from 
the indenter.
v. The effects of friction and strain hardening were similar, although 
different in magnitude.
vi. For blunt indenters, the shape of the indenter did not have a significant 
effect on the deformation pattern.
Despite the agreement in these areas, substantial differences remained. 
Agreement had not been reached on:
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(i) the extent and shape of the plastically deformed zone beneath a blunt 
indenter,
(ii) the position of the intersection of the elastic-plastic boundary with the 
specimen surface,
(iii) the pattern of plastic flow beneath an indentation,
(iv) the effect of friction on the height and shape of surface uplift or 
ridging near an indentation, and
(v) whether the observed surface uplift or ''ridging’' near some indentations 
occurs during indentation or after removal of the indenter.
To resolve these issues and thus determine which of the two models more 
accurately described blunt indentation, more data about the deformation 
occurring below the impression during indentation was required. Currently 
available experimental techniques do not allow the observation of plastic 
deformation within a metal specimen while it is occurring. Therefore, it 
was necessary to use a completely general analysis technique in which the 
deformation pattern developed from the material properties and constitutive 
model used, rather than being influenced by preconceived ideas about the 
pattern or mechanism of plastic flow which occurred. The finite element 
analysis method was the most suitable modelling technique available.
Since a suitable finite element analysis computer package was not available 
at The University of Wollongong at the commencement of this project, it 
was essential to write a finite element analysis program to enable the work 
to proceed. The model and the computer programs were validated by 
comparing the results of modelling deformation under various conditions 
with published information about the observed behaviour of metals. Having 
found very close agreement between the characteristics of deformation 
occurring during the modelling and both the theoretical and actual 
behaviour of metals, the model was then applied to the resolution of the 
unresolved issues with the following results.
i. The zone of plastic deformation has a roughly spherical shape, centred
slightly below the point of the indenter.
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ii. The elastic-plastic boundary intersects the specimen surface away from 
the indenter contact area.
iii. Flow varies from radial directly beneath the point of the indenter to 
tangential at the surface of the specimen. In the absence of friction, 
there is a slight radial component at the surface also.
iv. At a distance from the indenter, the flow is mainly tangential, even at 
some distance below the specimen surface, except for the material 
directly below the tip of the indenter where the flow is purely radial.
v. The height, shape and extent of the uplifted area near the impression 
vary widely with material properties and friction. As far as the 
resolution of this model will allow it to be determined, the surface of 
this ridge is curved.
vi. The uplift or ridging mainly occurs during indentation, with a slight 
increase during unloading.
Of the models proposed in the literature, the radial compression model most
closely resembles the deformation behaviour observed in the present
simulation. Notable exceptions to this general agreement are that:
(i) ridging occurs during indentation, rather than as the indenting load is 
removed, and
(ii) the flow changes from radial to tangential at some distance from the 
indenter.
The original aims of this project have been achieved. A computer program 
has been devised and written which implements finite element analysis of 
simulated elastic-plastic deformation under conditions of axially symmetric 
stress and strain. This program was used to analyse the deformation 
occurring during indentation of aluminium with a blunt (120°) cone. The 
results from this analysis were used to propose credible answers for the 
outstanding issues.
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7 APPENDIX A - "SA8DIV" PROGRAM LISTING
$STORAGE : 2
Ç***************** *****************************************************
C ** * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C* * 
C* * 
C* AXISYMETRIC STRAIN OF AN ELASTIC-PLASTIC SOLID USING * 
C* 8 -NODE QUADRATIC ELEMENTS * 
C* * 
C* File Name: SA8DIV.FOR * 
C* Link Cmnd: L I N K  SA8DIV+MATLSUB+MATHSUB+GEOMSUB+PLOTSUB+MISCSUB * 
C* *
Ç2* ******************************************************************** *
C*
C* This pro g r a m  was written as part of an Honours Masters 
C* in Materials Engineering and used to analyse the
C* deformation surrounding a hardness indentation.
C*
(2 ********************************************************************* * 
Q**********************************************************************
C* *
C* V A R I A B L E  S U S E D  *
C* *
q**********************************************************************  
C* *
c* ANGLE REAL Semiangle of the indenter point ■k
c* APPFRC REAL Applied force -k
c* BEE REAL Array representng [B] matrix k
c* BT REAL [B] transpose k
c* BTDB REAL Product [B] transpose x [D] x [B] k
c* CDMAX INTEGER*2 No. of columns in global stiffness matrix k
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c* CFL A G INTEGER*2 ■k
c* COORD REAL Nodal coordinates of current element 'k
c* COORDT REAL k
c* CORDO REAL k
c* CORD1 REAL k
c* CORD2 REAL k
c* DATFIL CHAR*2 k
c* D B E E REAL Product [D] x [B] k
c* D E E REAL Arr a y  representing stress-strain matrix [D]*
c* D E P REAL *
c* D E P T H REAL *
c* DEPTHO REAL *
c* DEPTHT REAL *
c* D E R REAL Local shape function derivatives *
c* D E R I V REAL Global shape function derivatives *
c* D E T REAL Determinant of Jacobian matrix *
c* D ISP REAL *
c* D O F INTEGER*2 Degrees of freedom per element *
c* D P L REAL *
c* El REAL k
c* E2 REAL k
c* ELD REAL Nodal displacements for current element k
c* E N INTEGER*2 k
c* EPSCUR REAL k
c* EPST REAL k
c* EPSTOT REAL k
c* E V REAL k
c* F REAL k
c* FAC REAL k
c* FLAGIT INTEGER*2 k
c* FLAGLI INTEGER*2 k
c* FLAGP INTEGER*2 k
c* FLAGS INTEGER*2 k
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c* FLAGY INTEGER*2 +
c* FMAX INTEGER*2 *
c* FMIN INTEGER*2 k
c* FNAME CHAR*12 *
c* FRCE REAL *
c* FRCINC REAL *
c* FRCTOT REAL *
c* FRDOM INTEGER*2 *
c* FRDOMX INTEGER*2 *
c* FRDOMY INTEGER*2 *
c* FUN REAL Local shape functions *
c* GP INTEGER*2 Number of Gaussian integration points *
c* GSV INTEGER*2 Global steering vector *
c* H INTEGER*2 Size of DEE matrix *
c* I INTEGER*2 Counter *
c* IBEE INTEGER*2 Dummy dimension for BEE *
c* IBT INTEGER*2 Dummy dimension for BT *
c* IBTDB INTEGER*2 Dummy dimension for BTDB *
c* ICEPT REAL *
c* ICEPTO REAL *
c* ICOORD INTEGER*2 Dummy dimension for COORD *
c* ICORD0 INTEGER*2 Dummy dimension for CORDO *
c* ICORD1 INTEGER*2 Dummy dimension for C0RD1 *
c* ICORD2 INTEGER*2 Dummy dimension for CORD 2 *
c* IDBEE INTEGER*2 Dummy dimension for DBEE *
c* IDEE INTEGER*2 Dummy dimension for DEE *
c* IDER INTEGER*2 Dummy dimension for DER *
c* IDERIV INTEGER*2 Dummy dimension for DERIV *
c* IEPS INTEGER*2 Dummy dimension for EPS ★
c* IGSV INTEGER*2 Dummy dimension for GSV *
c* IJAC INTEGER*2 Dummy dimension for JAC *
c* IJAC1 INTEGER*2 Dummy dimension for JAC1 •k
c* I KB INTEGER*2 Dummy dimension for KB k
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c* I KM INTEGER*2 Dummy dimension for KM *
c* INC INTEGER*2 Current increment number *
c* INF INTEGER*2 Dummy dimension for NF *
c* I SAMP INTEGER*2 Dummy dimension for SAMP *
c* ISIG INTEGER*2 Dummy dimension for SIG *
c* IT INTEGER*2 Iteration counter *
c* J INTEGER*2 Counter k
c* JAC REAL Jacobian matrix k
c* JAC1 REAL Inverse of the Jacobian matrix k
c* K INTEGER*2 Counter k
c* K1 REAL First Gaussian multiplier k
c* K2 REAL Second Gaussian multiplier k
c* KB REAL Stiffness matrix for the whole body k
c* KD REAL k
c* KI INTEGER*2 k
c* KM REAL Stiffness matrix for the current element k
c* L INTEGER*2 Counter k
c* LFLAG INTEGER*2 k
c*
c*
LOADS REAL Vector containing forces before equation 
solution and displacements after solution
k
k
c* LSV INTEGER*2 Steering vector for current element k
c* M INTEGER*2 k
c* N INTEGER*2 Total number of unrestrained freedoms k
c* NE INTEGER*2 k
c* NF INTEGER*2 Node freedom array k
c* N N INTEGER*2 Total number of nodes k
c* NOD INTEGER*2 Number of nodes per element k
c* NODE INTEGER*2 k
c* NODOF INTEGER*2 Number of degrees of freedom per node k
c* OFAC REAL k
c* OUTINT INTEGER*2 k
c* PI REAL k
c* POSITN REAL k
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c* QUOT REAL Multiplication factor for Gaussian *
c* integration *
c* R N INTEGER*2 Number of restrained nodes *
c* SAMP REAL Sampling points and weights for Gaussian *
c* integration *
c* SFAC REAL k
c* SIGBA1 REAL ★
c* SIGBA2 REAL *
c* SIGCUR REAL *
c* SIGE REAL k
c* SIGMA1 REAL ★
c* SIGMA2 REAL *
c* SIGT REAL ★
c* SIGTOT REAL *
c* SIGY REAL *
c* SLOPE REAL *
c* SRI REAL *
c* SR2 REAL *
c* ST1 REAL k
c* ST2 REAL k
c* SUM REAL k
c* SZ1 REAL k
c* SZ2 REAL k
c* T INTEGER*2 Dimension of a problem *
c* TDEPTH REAL ★
c* THE T A REAL k
c* TOPNOD INTEGER*2 k
c* TR1 REAL k
c* TR2 REAL
k
c* V REAL Poisson's ratio *
c* V2 REAL
*
c* V C U R CHAR*1
*
c* V O L REAL Volumetric strains *
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c* w INTEGER*2 Bandwidth of global stiffnes matrix *
c* X REAL k
c* XI REAL k
c* X2 REAL *
c* XARRAY REAL ★
c* Y A REAL k
c* YARRAY REAL :k
c* YD REAL k
c* YO REAL k
c* *
Q k  k  *k Je k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  k  -k "k k  k  k  k  k
★  k  k  k  * ★  k  * k  k  k  k  k  k  ■*■ k  k  ■*• + k  k  '*’ * * k  k  k  ★  k  k  ■*■ ★  ★  ■*■ ■*■ ■*■ k  k  k  * ★  * * ★  ■*■ k  k ★  ★  k  * ★  k  k  k  ★  ★  * ★  ★  k  k  * ★  * k  k  ★  k
c* *
C* S U B R O U T I N E S  U S E D  *
C* *
C**********************************************************************
c*
c* ARROW
*
*
C* CHOBAK Choleski back substitution *
C* CHOFOR Choleski forward substitution *
c* FMBRAD Assemble BEE from DERIV for axisymetric strain *
c* FMDRAD Calculate DEE for axisymetric strain *
c* FMQUAD Calculate local coordinate shape functions and their *
c* derivatives at the current position *
c* FORCE *
c* FORMKB Use element steering vector to assemble element *
c* stiffness matrix into KB *
c* GAUSS Load SAMP with sampling points and weights for *
c* Gaussian integration *
c* GCFIND *
c* GSVLD *
c* MATADD Matrix addition *
c* MATMUL Matrix multiplication *
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c* MAT R A N Matrix transposition *
c* MVMULT M u ltiply a matrix by a vector k
c* N U L L Null a real matrix k
c* NULLGE Null a "LARGE" matrix k
c* N U L V E C Null a vector k
c* PPBGN k
c* PPDRAW *
c* PPNEXT *
c* READNF ★
c* T R I FAC Triangular factorisation *
c* TSTAMP *
c* TWOBY2 Invert a two by two matrix k
c* k
Q k k k k ******************************************************************
PROGRAM SA8DIV
IMPLICIT CHARACTER*! (A-Z)
CHARACTER*12 FNAME 
CHARACTER*2 DATFIL
INTEGER I,J,K,L,M,N,W, C D M A X , R N , N O D , N N , N E , E N , GP 
INTEGER T O P N O D , I N C , F R D O M , FLAGIT, FLAGLI, FLAGY
INTEGER D O F , H , N O D O F , T , IBEE, IDEE, IDBEE, IBT, IBTDB, I KM, I C O R D 1 , ICORD2 
INTEGER IJAC, IJAC1, ISAMP, ICOORD, IDER, IDERIV, INF, I K B , IGSV, ICORDO 
INTEGER LSV (24) , FMIN, FMAX, ISIG, IEPS , FRDOMX, FRDOMY, KI (2 0) , NODE 
INTEGER I T ,O U T I N T ,C F L A G ,LFLAG
REAL K l , K2 , Q U O T , D E T , EV (2,2) , SIGMA1, SIGMA2 , SIGY, SIG B A 1 , SIGBA2 
REA L  E1,E2, V2, SIGE (4) , DEPTHO , DEPTHT, ICEPTO , TDEPTH
REA L  B E E (4,16),DEE(4,4),DBEE(4,16),BT(16,4),BTDB(16,16),K M (16,16) 
R EAL J A C (3,3),J A C 1 ( 3 , 3 ) ,S A M P (7,2),C O O R D (8,2),DER(2,8),DERIV(2,8) 
R E A L  E L D (16),V O L (16),EPST(4),SIGT(4),FUN(8),COORDT(2,8),POSITN(4) 
R EAL D I S P , F (20) ,FRCE,ICEPT,SLOPE,KD(20,2) ,F A C ,D P L (4,4) ,DEP(4,4) 
R E A L  X , Y O , Y A , Y D , A N G L E , D E P T H , P I , V , FRC T O T , S U M , THETA
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R E A L  X A R R A Y  (9) , YARRAY (9) , S F A C , S R I , S Z 1 , S T 1 , T R 1 , SR2 , SZ2 , ST2 , TR2 
R E A L  XI,X2 
C
C A L T E R  N E X T  S E VEN LINES TO CHANGE PROBLEM SIZE 
C C U R R E N T  M A X I M A  ARE:
C 330 FREEDOMS
C 190 NODES
C 60 ELEMENTS
C 140 BANDWIDTH
C
$ LAR G E  : SIGCUR, EPSCUR, SIGTOT,EPSTOT,KB
R E A L  K B (330,140),L O A D S (330),C O R D O (190,3),C O R D 1 (190,3),C O R D 2 (190,3)
R E A L  E P S T O T (60,4,4,4) ,S I G T O T (60,4,4,4)
R E A L  S I G C U R (60,4,4,4),E P S C U R (60,4,4,4)
R E A L  A P P F R C (330),F R C I N C (330)
INTE G E R  N F (190,2),GSV(60,8),F L A G P (60),F L A G S (60)
C
D A T A  INF/190/,IGSV/60/,IKB/330/,ICORDO , ICORD1,ICORD2/3*190/
D A T A  ISIG,IEPS/2*60/
C
D A T A  I B E E , I D E E , I D B E E / 3 * 4 / ,IBT,IBTDB,IKM/3*16/,IJAC,IJ ACl/2*3/
D A T A  ISAMP/7/,ICOORD/8/,IDER,IDERIV/2*2/
C
D A T A  N O D / 8/,T ,NODOF/2 * 2/ , H / 4/
C
c INPUT AND INITIALISATION
c
R E A D (5,*) DATFIL
R E A D (5,*) G P ,TOPNOD
R E A D (5,*) E l ,V , E 2 ,SIGY
R E A D (5,*) A N G L E ,D E P T H 0 ,T D E P T H ,O U T I N T ,SFAC
FNAME( 1 : 6 )  = ' SA8DIV '
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
FNAME (7:8) =DATFIL 
F N A M E (9:12) = ' . YLD '
OPEN (UNIT=4 , FILE=FNAME, STATUS = 'NEW') 
WRITE (4,*) ' INC. YIELDING ELEMENTS'
F N A M E (9:12) 
W R I T E (*,'('
= ' .P00'
' PROGRAM '', A6, ’ ' USING D ATA '' ,A2//) ' ) FNAME (1:6)
,F N A M E (7:8) 
FORMAT (1H1 ,1 2 X , ' **** * **** ★ ★ "k "k ***** * * i )
FORMAT (1H ,1 2 X , '* * * * * * * * * * ' )
FORMAT (1H , 1 2 X , '* * * * * * * * * * i )
FORMAT (1H ,1 2 X , ' **** * * **** * * * * * ' )
FORMAT (1H ,1 2 X , ' * ******* * * ★ * * * * > )
FORMAT (1H ,1 2 X , ' * * * * * ★ * * * * i )
FORMAT (1H ,1 2 X , ' **** * * * ★ "k  1c ***** * •)
WRITE (6,'(////////////) ')
WRITE (6,501)
WRITE (6,502)
WRITE (6,503)
WRITE (6,504)
WRITE (6,505)
WRITE (6,506)
WRITE (6,507)
WRITE (6,'(1H ,///,A\)') ' RUN START -'
CALL TSTAMP
FORMAT (1H0,'DATAFILE IN USE IS ',A) 
FORMAT (1H ,'INDENTER ANGLE ',F11.4)
FORMAT (1H , 'DEPTH INCREMENT ',F11.4)
FORMAT (1H , 'TOTAL DEPTH ',F11.4)
FORMAT (1H , 'NO. OF NODES ON T O P ',16) 
FORMAT (1H , 'NO. OF GAUSS P O I N T S ',16) 
FORMAT (1H , 'YIELD STRESS ',F11.4)
FORMAT (1H , 'E - BEFORE YIELD ',F11.3)
FORMAT (1H , 'E - AFTER YIELD ',F11.3)
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517
519
520
FORMAT (1H , 'V - BEFORE YIELD ',F11.4)
FORMAT (1H , 'OUTPUT INTERVAL ',16)
FORMAT (1H , 'SCALING FACTOR ' ,F i l .8 )
WRITE (6,508) DATFIL 
WRITE (6,509) ANGLE 
WRITE (6,510) DEPTHO 
W R ITE (6,511) TDEPTH 
WRITE (6,512) TOPNOD 
W R ITE (6,513) GP 
WRITE (6,514) SIGY 
WRITE (6,515) El 
WRITE (6,516) E2 
WRITE (6,517) V 
WRITE (6,519) O U T INT 
WRITE (6,520) SFAC 
WRITE (6,*)
CALL READNF (NF, INF, CORDO , ICORDO , NN, T, NODOF, N, RN) 
CALL GSVLD(GSV,IGSV,NE,NOD)
V 2 = 0 .499
CALL NULL(DEE,IDEE,H,H)
CALL N U L L (DPL,IDEE,H,H)
CALL FMDRAD(DEE,I D E E ,E l ,V)
CALL FMDRAD(DPL,IDEE,E2,V2)
CALL N U L V E C(APPFRC,N)
D O  20 1=1,NE 
DO 21 L = 1 ,GP 
FLAGP(I)=1 
F L A G S (I)=0
DO 22 K = 1 ,GP 
DO 23 J = 1 ,4
EPS T O T ( I ,J,K, L) =0.0 
S I G T O T (I ,J ,K ,L )=0.0 
E P S C U R (I ,J,K,L)=0.0
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23
22
21
20
83
82
81
92
91
C
C
C
S I G C U R  (I, J, K, L) =0.0 
C O N T I N U E  
C O N T I N U E  
C O NTINUE 
CONTINUE
CALL GAUS S (S A M P ,I S A M P ,G P )
W=0
DO 81 E N = 1 , NE 
FMAX=0 
FMIN=10000 
DO 82 1=1, NOD 
D O  83 J = 1 ,N O D O F  
K = N F (G S V (E N ,I ) ,J)
IF (K.NE.O) THEN
IF (K.GT.FMAX) FMAX=K 
IF (K.LT.FMIN) FMIN=K 
ENDIF 
CONTINUE 
CONTINUE
IF (FMAX-FMIN.GT.W) W=FMAX-FMIN 
CONTINUE 
DO 91 1=1,N N  
DO 92 J = 1 ,T
C O R D 1 (I ,J ) = C O R D O (I ,J)
C O R D 2 (I ,J ) = C O R D l (I , J)
CONTINUE
CONTINUE
PLOT U N D E F O R M E D  GRID
CALL P P B G N (F N A M E )
DO 60 E N = 1 ,NE 
D O  59 L = 1 ,N O D
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XARRAY(L) =CORDO (GSV (EN, L) , 1) 
YARRAY(L) =CORDO (GSV(EN,L) ,2)
59 CONTINUE
X A R R A Y  (NOD+1) =CORDO (GSV(EN, 1) , 1) 
Y A R R A Y  (NOD+1) =CORDO (GSV (EN, 1) ,2) 
CALL PPDRAW (XARRAY, Y A R R A Y , N O D + 1 ,130)
60 CONTINUE 
C
I=TOPNOD*2
CALL NULVEC(APPFRC, I)
P I = 3 5 5 ./113.
S L O P E = l / (TAN (ANGLE*PI/180) ) 
I C E P T O = C O R D O (1,2)
DOF=NOD*NODOF  
CDMAX=W+1 
CFLAG=0 
LFLAG= 0 
C
C START M A I N  LOOP
C
C D O  200 I N C = 1 ,INCS
200 CONTINUE 
C
IF (C F L A G .E Q .0) THEN 
INC=INC+1 
DEPTH=DEPTH0 
ELSEIF (CFLAG.EQ.l) THEN 
F A C = 1 .0E-30 
D O  7 E N = 1 ,NE 
S R 1 = 0 .0 
S Z 1 = 0 .0 
S T 1 = 0 .0 
T R 1 = 0 .0
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S R 2 = 0 . 0
S Z 2 = 0 .0 
S T 2 = 0 .0 
T R 2 = 0 .0
IF (FLAGP(EN).EQ.1) THEN 
DO 93 1=1,GP 
DO 93 J = 1 ,GP
SR1=SR1+SIGT0T(EN,1,I,J)/9.0 
SZ1=SZ1+SIGT0T(EN,2,I ,J ) / 9 .0 
ST1=ST1+SIGT0T(EN,3,I ,J ) / 9 .0 
TR1=TR1+SIGT0T(EN,4 , I ,J ) / 9 .0
SR2=SR2+ (SIGTOT (EN, 1, I , J) +SIGCUR (EN, 1, I , J) ) / 9 .0 
SZ2 = SZ2+(SIGTOT(EN,2,I ,J)+SIGCUR(EN, 2 , I , J) ) /9.0 
ST2=ST2+(SIGTOT(EN,3,I ,J)+SIGCUR(EN,3 , I , J) ) / 9 .0 
TR2=TR2+(SIGTOT(EN,4,I,J)+SIGCUR(EN,4 , I , J) )/ 9 .0 
93 CONTINUE
S I G B A 1 = S Q R T (.5*((SR1-ST1)**2+(ST1-SZ1)**2 +(SZ1-SR1)**2+ 
+ 6 . 0*TR1**2))
S I G B A 2 = S Q R T (.5*((SR2-ST2)**2+(ST2-SZ2)**2 +(SZ2-SR2)**2+ 
+ 6.0*TR2**2))
X = (SIGBA2-SIGBA1) / (SIGY-SIGBA1)
IF (X.GT.FAC) FAC=X 
ENDIF
7 CONTINUE
WRITE (*,*) 'F A C ,D E P T H O ,1.025*DEPTH0/FAC' , F A C ,D E P T H O ,1.025*
+ DEPTHO/FAC
D E P T H = 1 .025*DEPTH0/FAC
IF (DEPTH.GT.10.*DEPTH0) D E P T H = 1 0 .0*DEPTHO 
IF (DEPTHT+DEPTH.G T .TDEPTH) THEN 
DEPTH=TDEPTH-DEPTHT 
LFLAG=1 
ENDIF
E L S E I F  (CFLAG.EQ.2) THEN
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DEPTH=0
INC=INC+1 
DO 28 E N = 1 ,NE 
F L A G S (EN)=1 
28 CONTINUE
ENDIF 
C
ICEPT=ICEPTO-DEPTH 
CALL NULVEC(LOADS,N)
IT=0
FLAGIT=0 
199 IT=IT+1
FLAGLI=FLAGIT
FLAGIT=0
FLAGY=0
WRITE (*,'(/,'' I N C = ' 1, 1 3,'1 I T = 11,13)') INC,IT 
C
C ELEMENT STIFFNESS MATRIX INTEGRATION AND ASSEMBLY
C
CALL NULLGE(KB,IKB,N,CDMAX)
D O  3 E N = 1 ,NE
CALL GCFIND (GSV, IGSV, CORD2 , ICORD2 , COORD, I C O O R D , LSV, N F , INF, EN, N 
+ OD,NODOF,T)
CALL NULL(KM,IKM,DOF,DOF)
DO 4 1=1,GP 
DO 4 J = 1 ,GP 
K 1 = S A M P (1,2)
K2=SAMP (J, 2)
CALL FMQUAD (DER, IDER, FUN, S A M P , ISAMP, I, J)
CALL M A T M U L  (DER, I D E R , C O O R D , I C O O R D , J A C , I J A C , T , N O D , T)
CALL TWOBY2 (JAC, I J A C , J A C 1 , I J A C 1 , DET)
CALL M A T M U L  (JAC 1, I JAC 1, DER, IDER, DERI V, IDERIV, T , T , NOD)
CALL NULL(BEE,IBEE,H,DOF)
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IF (FLAGS(EN)+ F L A G P (EN).GT.0) THEN
CALL MATMUL (DEE, IDEE, BEE, IBEE, D B E E , I D B E E , H, H, DOF)
ELSE
CALL MATMUL (D P L , I D E E , B E E , IBEE, D B E E , I D B E E , H, H, D O F )
ENDIF
CALL MATRAN(BT,IBT,BEE,IBEE,H,DOF)
CALL MATMUL (BT, IBT, DBEE, IDBEE, BTDB, I B T D B , D O F , H, DOF) 
QU0T=DET*K1*K2*2*PI*SUM 
DO 5 K = 1 ,DOF 
DO 5 L = 1 ,DOF
B T D B (K,L ) = B T D B (K,L)*QUOT 
5 CONTINUE
CALL MATADD(KM,IKM,BTDB,IBTDB,DOF,DOF)
4 CONTINUE
CALL FORMKB(KB,IKB,KM,IKM,LSV,CDMAX,DOF)
3 CONTINUE
IF (CFLAG.LE.l) THEN 
C
C INDENT
C
WRITE (*, ' ( IX, A 6 ,7A10 ) ' ) ' FRDOMY ' , 'X' , 'YA' , ' YD ' , ' YO ' , 1 FRCE ' ,
+ 'Y A - Y D ' ,'D I S P '
J=0
DO 300 N O D E = l ,TOPNOD 
F R D O M X = N F ( N O D E ,1 )
F R D O M Y = N F ( N O D E ,2 )
CALL FORCE ( L O A D S , N , K B , I K B , C D M A X , FRDOMY, FRCE )
X=CORD2(NODE, 1)
IF (FRDOMX.NE.O) X=X+LOADS(FRDOMX)
Y O = C O R D2(NODE,2)
YA=YO
CALL FMBRAD (BEE, IBEE, DERIV, IDERIV, FUN, COORD, I COORD, SUM, NOD)
- 135-
IF (FRDOMY.NE.0) YA=YA+LOADS (FRDOMY)
YD=X*SLOPE+ICEPT
IF ((YA.GT.YD).OR.(FRCE.LT.-0.1)) THEN 
DISP=YD-YO
IF (DISP.GT.DEPTH) D I S P = 0 .
IF ((YD-YA) .GT.DEPTH) D I S P = 0 .
IF (FRCE.GT.10.) DISP=0
IF (ABS(YA-YD).G T .DEPTH/100) FLAGIT=FLAGIT+1 
W R I T E (*,*) 'D I S P ,FLGT,DPTH/100,F R C E ',D I S P ,FLAGIT,
D E P T H / 1 0 0 . ,FRCE 
ELSE
D I S P = 0 .0 
ENDIF
WRITE (*,'(1X,I4/4X,4F10.6,F10.1,2F10.6)') F R D O M Y ,X ,Y A ,Y D ,
YO,FRCE,YA-YD,DISP
FORMAT (1H ,E 1 0 .4,1H ,E10.4 )
IF (DISP.NE.0.0) THEN 
J=J+1
KI (J) =NODE 
KD(NODE,1)=DISP 
ENDIF 
CONTINUE
CALL NULVEC(LOADS,N)
DO 400 1=1,J 
NODE=KI(I)
FRDOM = N F ( N O D E ,2)
IF (FRDOM.GT.O) THEN
LOADS(FRDOM)=1E20*KD(NODE,1)
K D ( N O D E ,2)= K B (F R D O M ,CDMAX)
KB (FRDOM,CDMAX)=1E2 0
ENDIF
400 CONTINUE
E L S E I F  (CFLAG.EQ.2) THEN 
CALL NULVEC (LOADS, N)
DO 27 N O D E = l ,TOPNOD 
F R D O M X = N F ( N O D E ,1)
F R D O M Y = N F ( N O D E ,2)
L O A D S ( F R D O M Y ) = - A P P F R C (FRDOMY)
L O A D S ( F R D O M X ) = - A P P F R C (FRDOMX)
27 CONTINUE
E N D I F  
C
C SOLVE EQUATIONS
C
CAL L  TRIFAC(KB,IKB,N,W)
CAL L  CHOFOR(KB,IKB,LOADS,N,W)
C ALL CHOBAK(KB,IKB,LOADS,N,W)
IF (FLAGIT+FLAGLI+FLAGY.G T .0) GOTO 199 
C
C RECOVER ELEMENT STRAINS AND STRESSES
C
D O  1007 E N = 1 ,NE
CALL GCFIND (GSV, IGSV, CORD2 , ICORD2 , COORD, ICOORD, LSV, NF, INF, EN, N 
+ OD,NODOF,T)
DO 1093 1=1,GP 
DO 1093 J = 1 ,GP
CALL FMQUAD (DER, IDER, FUN, SAMP, I SAMP, I , J)
CALL MATMUL (DER, IDER, COORD, ICOORD, JAC, IJAC, T, NOD, T)
CALL TWOBY2 (JAC, I J A C , J A C 1 , IJA C 1 , DET)
CALL MATMUL (JAC1, IJAC1,DER, IDER, DERIV, IDERIV, T , T , NOD)
CALL NULL(BEE,IBEE,H,DOF)
CALL FMBRAD(BEE,IBEE,DERIV,IDERIV, FUN,COORD,ICOORD,SUM,NOD) 
DO 1009 M = 1 ,DOF
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IF (LSV(M).EQ.O) ELD(M)=0.0 
IF (LSV (M) .NE . 0) ELD (M) =LOADS (LSV (M) ) 
1009 CONTINUE
CALL MVMULT(BEE,IBEE,ELD,H,DOF,EPST)
IF (FLAGS (EN) +FLAGP (EN) .GT.O) THEN 
CALL MVMULT (DEE, IDEE, EPST, H,H, SIGT) 
ELSE
CALL MVMULT (DPL, IDEE, EPST, H,H, SIGT) 
ENDIF
DO 1094 L = 1 ,4
E P S C U R(EN,L,I,J)=EPST(L)
S I GCUR(EN,L,I,J)=SIGT(L)
1094 CONTINUE
1093 CONTINUE 
1007 CONTINUE 
C
IF (C F L A G .N E .0) THEN
C
C
C
RECOVER APPLIED FORCES
CALL NULLGE(KB,IKB,N,CDMAX)
DO 73 E N = 1 ,NE
CALL GCFIND(GSV,IGSV,CORD2,ICORD2,C O O R D ,ICOORD,LSV,NF,INF, 
+ E N ,N O D ,N O D O F ,T )
CALL NULL(KM,IKM,DOF,DOF)
DO 74 1=1,GP 
DO 74 J = 1 ,GP 
K 1 = S A M P (1,2)
K2=SAMP(J,2)
CALL FMQUAD (DER, IDER, FUN, SAMP, ISAMP, I, J)
CALL MATMUL (DER, IDER, COORD, I COORD, JAC, I J A C , T, N O D , T) 
CALL TWOBY2 (JAC, I J A C , J A C 1 , I J A C 1 , DET)
CALL M A T M U L (J A C 1 , IJAC1,DER,IDER,DERIV,I D E R I V ,T ,T ,NOD)
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75
74
73
49
50
209
CALL N U L L (B E E ,I B E E ,H ,D O F )
CALL FMBRAD (BEE,I B E E ,DERIV, IDERIV, FUN, COORD, I COORD, 
SUM,NOD)
IF (FLAGS(EN)+ F L A G P (EN).GT.0) THEN
CALL MATMUL (DEE, I D E E , B E E , I B E E , D B E E , I D B E E , H, H, DOF) 
ELSE
CALL MATMUL (DPL, IDEE, BEE, IBEE, DBEE, I D B E E , H, H, DOF) 
ENDIF
CALL MATRAN(BT,IBT,BEE,IBEE,H,DOF)
CALL MATMUL ( B T , I B T , D B E E , I D B E E , B T D B , I B T D B , D O F , H , DOF ) 
QUOT=DET*K l *K2*2*P I *SUM 
DO 75 K = 1 ,DOF 
DO 75 L = 1 ,DOF
B T D B (K,L ) = B T D B (K,L)*QUOT 
CONTINUE
CALL MATADD(KM,IKM,BTDB,IBTDB,DOF,DOF)
CONTINUE
CALL F O R M K B (K B ,I K B ,K M ,I K M ,L S V ,C D M A X ,D O F )
CONTINUE 
F R C T O T = 0 .
DO 50 N O D E = l ,TOPNOD 
DO 49 1=1,NODOF 
FRDOM = N F ( N O D E ,I )
IF (FRDOM.NE.O) THEN
CALL F O R C E (L O A D S ,N ,K B ,I K B ,C D M A X ,F R D O M ,F R C E )
FRCINC(FRDOM)=FRCE
APPFRC(FRDOM)=APPFRC(FRDOM)+FRCE
IF (I.EQ.2) FRCTOT=FRCTOT+APPFRC(FRDOM)
ENDIF
CONTINUE
CONTINUE
WRITE (6,209) INC,IT
F O R M A T ( 1 H 1 , 1 , 1 , 1 ,  ' INCREMENT N O .',13,',',4 X , 13,
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C
C UPDATE CUMULATIVE VALUES
C
C 1. NODAL POSITIONS
C
DO 41 1=1,NN 
DO 42 J = 1 ,T
IF (NF(I,J ) . N E .0) THEN 
C O R D 1 (I ,J ) =C ORD2 ( I ,J)
CORD 2 (I, J) = CORD 2 (I, J) + LOAD S (NF (I, J) ) 
ENDIF
42 CONTINUE
41 CONTINUE
ICEPT0=ICEPT
DEPTHT=DEPTHT+DEPTH
C
C 2. FLAGP UPDATE
C
WRITE (4,247) INC 
247 FORMAT (1X,I5,\)
WRITE (6,*)
WRITE (6,*) ' EN FLAGP'
DO 1500 E N = 1 ,NE 
S R 1 = 0 .0 
S Z 1 = 0 .0 
S T 1 = 0 .0 
T R 1 = 0 .0 
S R 2 = 0 .0 
S Z 2 = 0 .0 
S T 2 = 0 .0 
T R 2 = 0 .0
DO 1501 1=1,GP
+ • ITERATIONS REQUIRED'/)
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DO 1501 J=1,GP
S R 1 = S R 1 + S I G T 0 T (EN,1 , I ,J) / 9 .0 
S Z 1 = S Z 1 + S I G T 0 T (EN,2 , 1 ,J) / 9 .0 
S T 1 = S T 1 + S I G T 0 T (EN,3 , I ,J) / 9 .0 
T R 1 = T R 1 + S I G T 0 T (EN,4 , I ,J) / 9 .0
S R 2 = S R 2 + (S I G T O T (E N ,1,I ,J ) + S I G C U R (EN,1 , I ,J ) )/9.0 
S Z 2 = S Z 2 + ( S I G T O T (EN,2 , I ,J ) + S I G C U R (EN,2 , I ,J ) )/ 9 .0 
S T 2 = S T 2 + ( S I G T O T (EN,3,I ,J ) + S I G C U R (EN,3 , I ,J ) )/ 9 .0 
T R 2 = T R 2 + ( S I G T O T (EN,4 , I , J ) + S I G C U R (EN,4 , I ,J ) )/9.0 
1501 CONTINUE
C
S I G B A 1 = S Q R T (.5*((SR1-ST1)**2 +(ST1-SZ1)**2 +(SZ1-SR1)**2 + 
+ 6 . 0*TR1**2))
S I G B A 2 = S Q R T(.5 *((SR2-ST2)**2+(ST2-SZ2) * * 2 + (SZ2-SR2)**2+ 
+ 6 . 0*TR2**2))
C
C
X=SIGBA2/SIGY 
1 =  1
IF (X.GT.0.95) 1=0
IF ((I.EQ.O).AND.(FLAGP(EN).EQ.l)) WRITE (4,247) EN 
IF (I.EQ.O) F L A G P (EN)=0 
WRITE (6,248) E N , F L A G P (EN)
248 FORMAT (IX,12,18)
1500 CONTINUE
WRITE (4,*)
C
C 3. ELEMENT STRESSES AND STRAINS
C
DO 43 E N = 1 ,NE 
DO 44 L = 1 ,4 
DO 45 1=1,GP 
DO 46 J = 1 ,GP
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45
44
43
C
C
C
46
72
173
71
C
E P S T O T (EN,L, I , J ) = E P S T O T (EN,L ,I ,J ) + E P S C U R (EN,L ,I,J) 
S I G T O T (EN,L , I ,J ) = S I G T O T (EN,L,I ,J ) + S I G C U R (EN,L,I, J) 
CONTINUE 
CONTINUE 
CONTINUE 
CONTINUE
OUTPUT RESULTS
W R I T E (6, *)
WRITE (6,*) ' INCREMENTAL APPLIED FORCES (N)'
WRITE (6,*) ' NODE R-DIR. Z-DIR. '
DO 71 1=1,TOPNOD 
DO 72 J=1,T
IF ( N F (I ,J ) .N E .0) THEN
P O S I T N (J ) = F R C I N C ( N F (I , J) )
ELSE
P O S I T N ( J ) =0.0 
ENDIF 
CONTINUE
WRITE (6,173) I , P O S I T N (1) ,P O S I T N (2)
FORMAT (IX,13,I X , 2 F 1 2 .2)
CONTINUE
W R I T E (6,*)
WRITE (6,*) ' DISPLACEMENT INCREMENTS (mm)'
WRITE (6,*) ' N ODE R-DIR. Z-DIR.'
DO 174 1=1,TOPNOD 
DO 175 J = 1 ,T
IF (NF ( I , J ) .NE.0) THEN 
P O S I T N (J ) =L O A D S ( N F (I , J) )
ELSE
P O S I T N ( J ) =0.0
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ENDIF
175
176 
174 
C
C
C
C
C
CONTINUE
WRITE (6,176) I,POSITN(l),POSITN(2) 
FORMAT (IX,13,IX,2F9.5)
CONTINUE
WRITE (6,*)
WRITE (6, ' ( ' ' TOTAL VERTICAL FORCE =' 1,F 1 0 .1,1 1 N  ' ' ) ' ) FRCTOT
WRITE (6, ' ( " TOTAL VERTICAL DISPL.=• 1,F 1 0 .6, •' ram'')')-DEPTHT
IF (MOD(INC,O U T I N T ) .EQ.0) THEN 
PRINT ELEMENT STRESSES AND STRAINS 
WRITE (6,*)
WRITE (6,*) ' POSITION ------------S T R A I N S ----------------  -----
---- STRESSES (MPa) -----------'
WRITE (6,*) ’ EL G.P. R Z T R-Z R
Z T R-Z'
DO 10 E N = 1 ,NE 
S R 1 = 0 .0 
S Z 1 = 0 .0 
S T 1 = 0 .0 
T R 1 = 0 .0 
S R 2 = 0 .0 
S Z 2 = 0 .0 
S T 2 = 0 .0 
T R 2 = 0 .0
DO 1011 K=1,GP 
DO 1011 L = 1 ,GP
S R 1 = S R 1 + E P S T 0 T (EN,1,K,L ) / 9 .0 
S Z 1 = S Z 1 + E P S T 0 T (EN,2,K,L ) / 9 .0 
S T 1 = S T 1 + E P S T 0 T (EN,3,K,L ) / 9 .0
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TR1=TR1+EPST0T(EN,4,K,L ) / 9 .0 
S R 2 = S R 2 + S I G T O T (EN,1,K,L)/9.0 
S Z 2 = S Z 2 + S I G T O T (EN,2,K , L ) / 9 .0 
ST2=ST2 + S IGTOT(EN,3,K , L ) / 9 .0 
TR2=TR2+SIGTOT(EN,4,K,L) / 9 .0 
1011 CONTINUE
898 FORMAT (IX, 6H AVE. ,\)
897 FORMAT (1X,I2,4H AVE,\)
WRITE (6,897) EN 
WRITE (6,2) SRI,SZ1,STI,TRI 
WRITE (6,899) S R 2 ,S Z 2 ,S T 2 ,TR2 
WRITE (6,*)
10 CONTINUE
1 FORMAT (IX,312,\)
2 FORMAT (4F9.5,\)
899 FORMAT (4F9.1,\)
W R ITE (6,*)
C
C
C N O W  PRINT NODAL POSITIONS
C
WRITE (6,*)
WRITE (6,*) ' CURRENT NODAL POSITION (mm)'
WRITE (6,'('1 N ODE R POSITION Z P O S I T I O N '')') 
D O  39 1=1,NN
WRITE (6,29) I , (CORD2(I,J ) ,J = 1 ,NODOF)
39 CONTINUE
29 FORMAT (IX,15,5 F 1 2 .4)
C
C GENERATE PLOT C O MMAND FILE
C
C I N I T .
C
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FNAME (11:11) =CHAR (48 + INT (INC/lO) )
F N A M E (12:12)= C H A R (48+(INC-10*(I N T (INC/lO)))) 
CALL PPBGN(FNAME)
C
C PLOT DEFORMED GRID & STRESSES
C
DO 80 E N = 1 ,NE 
DO 70 L = 1 ,NOD
COORD(L,l)=CORD2(GSV(EN,L),1)
XARRAY(L)=COORD(L,1)
C O O R D (L , 2)=CORD2(GSV(EN,L),2)
YARRAY(L)=COORD(L,2)
70 CONTINUE
XARRAY (NOD+1) =CORD2 (GSV(EN, 1) , 1)
YARRAY(NOD+1)=CORD2(GSV(EN,1),2)
CALL PPDRAW (X A R R A Y , Y A R R A Y , N O D + 1,13 0)
S R 1 = 0 .0 
S Z 1 = 0 .0 
ST1 = 0 .0 
T R 1 = 0 .0 
DO 97 1=1,GP 
DO 97 J = 1 ,GP
SRl=SRl+SIGTOT(EN,1 , I , J) / 9 .0 
SZl=SZl+SIGTOT(EN,2 , I ,J ) / 9 .0 
STl=STl+SIGTOT(EN,3 , I,J)/9.0 
TRl=TRl+SIGTOT(EN,4 , I ,J)/9.0 
97 CONTINUE
X 1 = 0 . 5 * (SR1+SZ1)
X2 = 0 .5 * S Q R T ((SR1-SZ1)**2+4*TRl**2)
S IGMA1=(X1+X2)*SFAC 
SIGMA2=(X1-X2)*SFAC
THETA= 0.5 *A T A N ( (2.0 * T R 1 ) / (SR1-SZ1) )
1 = 2
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J=2
CAL L  FMQUAD(DER,IDER,FUN,SAMP,ISAMP,I,J) 
CALL M A T R A N (COO R D T ,I DER,C O O R D ,I C O O R D ,N O D ,T) 
CALL M V M U L T  (COORDT, IDER, FUN, T, NOD, POSITN) 
C ALL A R R O W  (SIGMA1, SIGMA2 , THETA, POSITN)
80 CONTINUE
C
C CLOSE
C
CALL PPNEXT 
ENDIF
WRITE (6,*)
C
C END OF M A I N  LOOP
C
ENDIF
IF ( (LFLAG.EQ.l).AND.(CFLAG.EQ.l)) CFLAG=3 
IF (CFLAG.EQ.0) THEN 
CFLAG=1
ELSEIF (CFLAG.EQ.l) THEN 
CFLAG=0
ELSEIF (CFLAG.EQ.2) THEN 
CFLAG=5
ELSEIF (CFLAG.EQ.3) THEN 
C F L A G =2 
ENDIF
IF (CFLAG.LT.5) GOTO 200 
C
STOP
END
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